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AMP-MSE given by the local maximum of the free energy reached gradient 
descent starting from small M/large MSE. 

MMSE is given by the global maximum of the free energy.
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ZOOLOGY OF FIXED POINTS

Zero mean prior:  

SE has always a “trivial” fixed point M=0. 

Stability of the trivial fixed point: 

 This is the same as the spectral phase transition           
(BBP transition, known in physics since Edwards’68) 

Non-zero mean priors:  

MMSE always better than random guessing (unlike for 
spectral methods).  

Multiple fixed point may still exist.  
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�Alg

PX(xi) = (1� ⇢)�(xi) + ⇢�(xi � 1)

⇢ = 0.01⇢ = 0.2

Fixed points:



PX(xi) = (1� ⇢)�(xi) + ⇢�(xi � 1)

Fixed points:
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ALGORITHMIC INTERPRETATION
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• Easy by message passing algorithms. Proof: Javanmard, Montanari’12. 

• Impossible information theoretically. Barbier, Dia, Macris, Krzakala, 
Lesieur, LZ’16 using Guerra interpolation, AMP and spatial coupling.  Different proof 
by Lelarge, Miolane’16.  

• Hard phase conjecture: No polynomial algorithm works.   
Physically sensible.                                                            
Mathematically wide open. 
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PX(xi) = (1� ⇢)�(xi) + ⇢�(xi � 1)

Phase Diagram:
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Phase Diagram:
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Stochastic block model, r groups 
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2 groups, different sizes, same average degree 
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GAUSSIAN MIXTURE 
R=2 CLUSTERS

N points, M dimensions, distance between clusters

↵ =
N

M
= 2

AMP is Bayes-optimal 
for R=2, and only very 
slightly better than PCA. 
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Phase transition: 



GAUSSIAN MIXTURE 
R=20 CLUSTERS

PCA and AMP estimate better than random guessing for:

Discontinuous phase transition implies a gap between statistical 
and computational performance.  

Performance of AMP 
is considerably better 
than PCA. 
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‣ Computational gap exists for:  

‣ Hard phase: 

information theoretic  
threshold for large r.  
(bound with this scaling in 

Banks, Moore, Xu’16)

GAUSSIAN MIXTURE 
GENERAL # OF CLUSTERS
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