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ivation: Multiscale Fracture

Multiscale Modeling of Fracture
Bl Curtin
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» Fun Fact: At least 5% of the world’s energy resources are used to grind up rocks.
This is essentially a fracture problem.

» Griffith fracture | /(G — Gerit) = 0| s rarely true at scales of interest.
» Again use molecular simulation to inform continuum models.
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ivation: This Lecture

» Analysis and Numerics for Crystalline Defects
S0CO0CoOCOOed

» Make Precise what is The Problem, Simulation, and the Error.
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Motivation: Discrete-vs-PDE
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min &*(u) := > _ V(Du(())

b.c.

LeN
Domain A C Z¢
Displacement: u: A — R?
Du(f) := {u(l + p) — u(f)}per

V(Dy(¥)) = site energy of atom ¢
5/85

Domain Q C RY
Displacement v : Q — R

vV vyVvYyy

>

>

» Vu : standard displacement gradient
>

W : strain energy density



Motivation: The Simulation and The Problem

What we mean by this simulation:

The Simulation: configuration (and quantities of interest)
..................... of a defect in Z¢.
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up € argmin{Ep(v) | vy € Vi}

u € argmin{E(v)|v € V}



Motivation: Aims of this Analysis

» understand, consolidate, improve existing models and computational
methods

» feedback into method development

» huge area in computational science, but relatively new for applied
mathematics, there is genuine interest in input from mathematics.

» IMPORTANT CAVEAT: these lectures only cover a very simple
situation (“Dirichlet problem”). The ideas must be extended into many
diverse directions to become widely useful (“Navier Stokes, Helmholtz,
Fokker-Planck, ...)" | will discuss this at the end of the lectures.



QOutline of Lectures

0. Motivation v
1. Variational Problem in Z9
» Discrete energy space
» “Well-posedness” of energy-difference formulation
2. Boundary Conditions for Numerical Simulation
» Dirichlet conditions
» Regularity and Approximatio Error Estimates
» REVISION CLASS: Linearised elasticity as a boundary condition
3. Atomistic/Continuum Multiscale Scheme
» Cauchy—-Born model
» The ghost force problem
» A/c coupling via blending
» Proof of consistency estimate, sketch of error estimate
» Fine-tuning for simulation
4. Outlook
» Some open problems
» Perspective of the field
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Part 1:

Variational Problem in Z¢
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The computational domain is a lattice A = AZ9, A € SO(d)

Example 1: Example 2:
triangular lattice in 2D body-centered cubic (bcc) in 3D
A 1 cos(m/3) 1 0 1/2
~ |0 sin(7w/3) A=10 1 1/2
0 0 1/2
e 6 o o
e o o
e 6 o o
e o o
e 6 o o

But for simplicity we can just take A = Z¢.



Kinematics

» Material points: £ € A
» Reference configuration: x(¢) =/

» Displacement:

» Deformation: y = x + u

@® reference
/ /' \ / ®  deformed
®

—" displacement




Site Potential

For a displacement u, the energy associated with a site £ is
V(Du(?))

» Site energy should be translation invariant,

i.e., depends only on k — (u(k) — u(¥)). ¢t e

» Interaction range: R C A\ {0} e e
finite, point symmetry — R = R; c \{/ o

» Strain of bond (¢,¢+ p), p € R is . y .
Dyu() := u(€ + p) — u() e /Jk\* °

Hence, the site energy is a function of c C
Du(?) := (D,)u(z%))peR‘ . A A

Assumption 1 (V).
Ve CK(RY)R), V(0)=0, point symmetric V((—g—,)per) = V(g)
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Site Energy - Notes

Notes:

» V/(0) = 0 simply normalised the energy so that u = 0 has zero-site energy.
Suppose, that we do not make this assumption, then we would, on the next slide define
an “energy-difference functional” instead of an “energy functional:
E(u) = ZZ (Du(£)) — V(0), and then proceed as before. So in fact the “correct” way
to think about V is that it is a site energy-difference and E is a total energy-difference.

» V has no /-dependence, this means that all atoms are of the same species;
generalisations to multi-lattices are possible: here each site is occupied by A species, the
displacement is now u = (us),ca and V = ZaEA Va((up (€ + p) — ua(£))).

» Assumption CK is unrealistic as V — oo as atoms collide (y(£ + p) — y(¢) — 0). To
overcome this, we could restrict the definition to displacements such that the
deformation |y(¢') — y(£)| > c|¢ — ¢'|. See, e.g., [27]

» However, our later analysis will be purely local, in neighbourhood of a well-behaved
deformation where V is in fact smooth. We can circumvent some boring technicalities
by making the assumption V € Ck globally.




The energy of a displacement is simply the sum over site energies,
E*(u) == V(Du(t))
Cen
This is well-defined for compact displacements, i.e., for
ueU:={v:N—R?|supp(Dv) compact}
It is also well-defined if Du € ¢*. But intuitively, it must be possible to define the
total energy in the energy space
Uu? .= {V:/\—)Rd}DVE(’Q}.

The associated (semi-)norm is || - |[;12 = ||D - |¢2.

Lemma 2 (Extension Lemma).

(a) U C U2 is dense: Yu € U2 Ju; € UC s.t. Du; — Du in (2.

(b) &2 : (U, ||D - ||2) — R is continuous, hence there exists a unique continuous
extension to U2, which we still denote by £*.

(c) &2 € CK(U™?), in the sense of Frechet.

This completes the definition of the energy functional. See also the following remanks. g5



Proof of Extension Lemma

@) s

| 4
» (b) For u € U°,
S(u):Z(V(Du(Z))fV( ) — (6Vv(0), )+Z (6V(0), Du(£)).
LEN een

» Summation by parts: Zee/\(de), Du(¢)) =0,
» Taylor expansion: |V(Du(£)) — V(0) — (0V(0), DU(£)>| < |Du())?, so

Ew=Y (V(Du(e)) — (5V(0), Du(£)>
LeN

is also well-defined for u € U2,
» TODO: prove £ € CK(U4*?) in the sense of Frechet. | EXERCISE O

Notes:

» The proof indicates that, in fact, 112 is the largest space to which £ can be
continuously extended. This is a strong indicator that we have a good function space

setting. | EXERCISE




Introducing the Defect

Introducing an Impurity into the host crystal
(replace atom ¢ = 0 with a different species)

This corresponds simply to replacing the site energies V(Du(¢)) with
Vi(Du(?)) for £ € {0} UR. We write the perturbed (total) energy as

| F(u) = €%(u) + P(u) |

Assumption 3 (P).

P € CKU?), translation invariant (i.e., P(u+ c) = P(u)) and local, i.e.,

a function of only Du({), |¢| < Ryet, for some Rger > 0.
________________________________________________________________________________________________________|
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Notes on the Defect

Notes:

>

>

Other point defects can be introduced analogously, or with modified notation. All
subsequent results can be extended to arbitrary point defects. See [9] for more detail.

There are many other important classes of defects: dislocations, cracks, etc. We will
discuss more on this at the end of the lectures. For now, we just mention that straight
dislocation lines can still be incorporated into this framework, but this requires a little
additional work. Cracks are essentially an open problem.

For dislocations: Briefly, the idea is to decompose u = ppred 4 jeorr \where yPred s g
predictor displacement that can, e.g., be obtained from continuum linearised elasticity
and u®°*™ supplies the missing atomistic information. (E.g., for a pure screw dislocation
in anti-plane deformation, uP*®d(x) = % arg(x1 + ix2).)

Since VuPred ~ |><\_1 it has infinite energy, however the corrector u<°** € U2, Hence,
we consider the energy-difference £(u) = ZeeA V(DuPr®d(£) + Du(f)) — V(DuPred(£)).
One can again prove that this is well-defined, etc, and then continue similarly as in the
point defect case.

This procedure can also be thought of as supplying the far-field boundary condition
u(x) ~ uPr®d(x) as |x| — oo.

Again, see [9] for more details.




The Variational Problem

With our results so far, we have shown that the following problem is well
formulated:

u® € argmin {F*(u) | u € D{l*z} (1)

We will always understand this in the sense of local minimality.

Remarks:

» Uniqueness cannot be true, unless we “design” the interatomic
potential to prevent lattice symmetries.

» Existence of minimisers is a property of VP, i.e., of the model.
Except in rare circumstances it cannot be proven. (again: unless we
“design” our potential so that we get an existence result via the direct
method)

» In the following we shall assume existence of some minimiser (not
necessarily unique) and study (i) properties of the minimiser, (ii) how
to approximate it computationally.
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Stability

(1) = 6F2(0*) = 0 and 62F*(a*) > 0, i.e. the hessian is positive
semi-definite. This is almost never sufficient for analysis. We will therefore
employ a stronger stability definition.

We say that a displacement v is strongly stable if

Iy >0 st (2F(u)v,v) >|Dv|% Vv eUs.

Assumption 4 (S).

There exists a strongly stable solution u* to (1).

Remarks
> If any u € U2 is strongly stable, then the reference crystal must be stable as well,

(6°€*(0)v, v) > ~[|Dv]|Z (2)

> (2) is precisely the discrete analogue of the Legendre-Hadamard condition
(ellipticity), C/°vivika ks > ~|v|?|k|?, for elliptic systems divC : Vu = 0.
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Notes:

» Why the strong stability assumption: all our subsequent analysis will rely on
linearisation techniques. For example, we will linearise the equation at infinity to deduce
rates of decay for the elastic fields. We will use the inverse function theorem to deduce
existence of solutions of the approximation schemes. All these technques require that
the linearisation of the problem contains “much” of the problems information. Without
the strong stability assumption this is simply false.

For example, we cannot use the inverse function theory for the function f(x) = x3 to
deduce the existene of a solution to x3 = € for € small, due to the fact that all
information about x3 is lost upon linearisation.
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Part 2:

Boundary Conditions
for Numerical Simulation
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A Basic Galerkin Approximation

Remember, the reason we developed the discrete variational problem was to give a
meaning to crystal defect simulations in finite domains, explaining these as
approximations to the infinite-domain problem.

The Simplest Approximation Scheme:
» Computational Domain: S
Qr C Ast. (BRNA) C Qr 50500000000000005000 00

> “Coarse” admissible space: Lttt
U = {u €U [u=0inA\Br} 30 0052003055200050 ¢4

» Approximate Variational Problem:
g € argmin {F(u) |uete}  (3) | iiiiiiiiiiiiiiiiiiin

With the tools we have so far we can prove the following:

Let k > 3, ™ be a strongly stable solution of (1), then, for R sufficiently large, there
exists Ug solution to (3) such that | Dup — Du®||,» — 0 as R — oc.
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The Main Tools for the Analysis

Lemma 6 (Inverse Function Theorem — IFT).

X Hilbert, xo € X; m,v,n > 0,r :=2n/v such that (i) G € C*(Br(xo); X*) with
16G(x) = 6G(x)(x.x+) < mllx = x'|[x for x,x" € B-(x0);

(i) Stability: (5G(xo)v,v) > v|lv||}% Vv e X;
x» <)

and the “saturation assumption” 21/méﬁ2 < 1 holds, then 3! x € X such that

(iii) Consistency: (G(x0),v) <nllvlx (ie. ||G]

7 - _
G(x)=0, [x—xllx <2l and (5G(X)v,v) >~(1— 2pmy2)|v[.

Notes:
» Normally in the inverse function theorem we start with a solution G(xp) = 0 and then
perturb the right-hand side. The idea of the above result is to think of xp solving
G(x0) = G(x0) where the right-hand side is small, so changing the right-hand side to 0 is
a small perturbation.
» Proof is an left as an exercise; hint: set X = xp + u, rewrite as a fixed point problem
6x)=0 &  6G(0)u=—G(x)+ [0G(x0)u+G(x0) — G(x0 + u)],

and apply Banach's fixed point theorem.




Proof of Proposition 5

1. U° C UY? dense = Jug € Ug s.t. ||Dug — DT?||,2 — 0 as R — oo. Let Ry > 0
such that ||Dug — Di*||,2 <1 for R > Ry.

2. In the IFT we set X = Ug, xo = ur, G = OF 11,

3. Since k > 3, 6F* and 62F® are Lipschitz in Bi(@®*) with Lip. const. my, m > 0.
Therefore,

67 (ur)lly—12 = 16F*(ur) — 6F*(4*)llyy-12 < mi||Dug — DT*(| 2 =: g,
<(52}—a(UR)V, v) > <(52J——a(f13)v7 v) — m||Dug — DL_la‘|ngDVH§2

m b
> (7= Zne ) IDvIfe = JlDviE

the last inequality, provided that R is sufficiently large.

4. Since nr — 0, we obtain, for R sufficiently large all conditions of IFT are satisfies,
so IFT implies existence of a solution to (3) with
||[DTp — Dug||e < 4m1'y_1\|DuR — Dz®|| 2.
(note that 4 can be replaced with any number > 1.)
and so, ||Du} — Di*||,2 S ||Dug — Di?||;2 — 0. Positivity of dG(x) (final statement
of the lemma) implies that T is a local minimiser. O
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Quantifying the Approximation Error

Exact Problem: Simulation:

0 € argmin{F?(v) |v € U*?} u% € argmin{F*(v)|v € Ugr}

From the convergence proof we get the stronger result
|Dug — Du*||2 < CRr||Dug — Du*|pe,
1

where Cr — v~ as R — oo and ug € Ug is arbitrary. This is analogous to
to Céa’s Lemma / best-approximation error estimates in FEM.

Lemma 7 (Best Approximation Error Estimate).

There exists C > 0 such that, for all u € U'? there exists UR € UR
satisfying

||Du — Dug||,2 < C||DU||Z2(/\\BR/2)'
______________________________________________________________________________________________________________________|

~>  We need a decay estimate for Du!



Proof of Lemma 7

Instead of proving this result, we prove a continuous analogue. The proof of the discrete
result is tedious unless one first introduced some machinery that makes it a corollary of
its continuous version. (we will actually introduce this in the last part of the lecture)

So let u € H*(R9),d > 1. We define a mollifier n € C*(R?) with n(x) =1 in |x| < 1/2,
n=0in x| >1,0<7n<1, and set

ur(x) = n(x/R)(u(x) = ()az),  Ar:=Br\ Bry2,
then clearly ug € Hl, Vugr has support Br and further
Vur(x) = RT'Vi(x/R)(u — (u)as) +n(x/R)Vu,
V(u—ug) = (1= n(x/R)Vu+ RV(x/R)(u— (u)ag),
19(u = un)llz < IVl , + 9l R~ = ()agllz < CIValligey .

where in the last inequality we used the Poincaré inequality for Ag with scales linearly
with R. O



Regularity: What should we expect?

We can think of /% = 0 as a discrete and nonlinear version of
—Au=f, xeRY supp(f)C By, /sz.

(these conditions corresponding to locality and translation invariance of P).
Let G be the Green's function, then

Vu(x) = /VG(X’)f(x —x")dx' = / (VG — (VG)Bl(x)>f(x — x")dx’
(Since [ f =0, we can subtract the mean of G.) Hence, we obtain
Vu(x)| S V26l 1oy S IXI7°
More generally, once could prove (under suitable assumptions on ) that
[V u(x)] < Ix[79.

We can think of this as a regularity estimate at x = co.
27/85



Notes on PDE in

Notes:

» The equation —Au = f,x € RY can be solved in the homogeneous Sobolev space
A := {u € HL (RY) | Vu e 12}

This can be made a Hilbert space by considering equivalence classes. {u + c|c € R}. If
f € L?(R9), supp(f) compact and f f =0, then it is easy to see (Lax Milgram) that
there exists a unique solution in this space.

» In general, the equation can be solved for any right-hand side of the form divg, g € L2.

» It can also be checked that, if f f # 0, then no solution exists. In this case, the solution
has a component that decays like the Green's function.




Regularity Theorem

Theorem 8 (Regularity).

Let u € U2 with dF?(u) =0, and assume the lattice is stable (2), then

Du(6)] < Cle .

Consequence for the best-approximation error:

. 1/2
_ < ~ e <R
|Du — Durllee S [|Dulle(pgg),) = </R/2 C ) o

Theorem 9 (Convergence Rate).

Let k > 3, u* be a strongly stable solution to (1), then for R suff. large
310% solution to (3) such s.t. ‘ DT — D2 < R™9/? ~ (DOF)~1/2. ‘
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Numerical Confirmation

Numerical Test: divacancy in triangular lattice, NN EAM toy model

~ WORK "2

10

IVuse— Vu?| g2

10




Proof of the Regularity orem — Sketch

1. Linearisation: Let H := 6262(0), u=10%, v € U°S. The intuition is that “near co”,
0F?*(u) = 0 reduces essentially to Hu = 0. In other words, far from the defect, linearised
(lattice) elasticity is sufficient. This is in particular supported by the fact that Du € £?
implies |Du(¢)| — 0 uniformly as [¢| — oo. This key observation one of the main things
that distinguish discrete problems from continuous ones.

(Hu,v) = (Hu — §&*(u) — 6P(u), v)
-3 {(52V(O)Du +8V(0) — 8V(Du), Dv)} — (5P(u), V),
A

Since [62V(0)Du + 6V(0) — 6V(Du)| S |Dul? we obtain
(Hu,v) = (g%°" + g,Dv) where |g(¢)| < |Du().
To continue it is sufficient to assume that
(Hu,v) = (g,Dv),  |g(&)| S 16177 + |Du(e)l?,

for some p > d. (p = d is also possible, then some log-factors come into the estimates;
this is needed for the dislocation case)
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2. Lattice Green’'s Function: It can be shown that there exists a lattice Green's function
G : A — RY, with the properties that |D/G(¢)| < [¢|>~9~/ and

u(€) = (Hu, G(£ ~-)) = (g, DG(¢ ), Du(t) = (g, D*G(£ —-)).

(There is a corresponding continuum linear elasticity Green's function, which behaves
asymptotically the same as G, and G inherits its far-field properties.)

If we did not have the |Du|? dependence on the right-hand-side (i.e. if the problem were
linear) then we could now directly estimate |Du(¢)| < |£]=9.

3. Dealing with the nonlinearity: Let w(r) := ||Dul|goo(a\8,), then the key idea is to
estimate w(2r) in terms of w(r). From the recursion we will get, we will then be able to
prove the result. This is similar to the Campanato approach to regularity for elliptic
systems, but in our case applied at x = co
Let |[¢| > 2r, then after a tedious but not difficult calculation, one obtains that

1Du(O)] S ((L+ 1K) + Du(k) ) (1 + € = k)~
k
LS +2r)7 4 (r)w(r),
where 7(r) — 0 as r — co. Multiplying with (1 + r)~9 we obtain, for a new constant C,
(1+2r)9w(2r) < C+n(r) (1 + r)9w(r).

Now set v(r) := (1 + r)9w(r), then we have v(2r) < C + n(r)v(r). Since n(r) — 0, for
r > ro, we have n(r) < 1/2, so in fact, v(2r) < C + %v(r). Let F :=sup,<, v(r), then by
induction a

V(r)SC+%<C+%<‘..(C+%F)...)> <2C+2 NOF,

where N(r) < log(r); in particular v(r) < C;. This concludes the proof. 32/85



Part 3:
Revision Class
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Exercises

1. (a) Let U*P = {u: A —R¥| Du € £°(N)}, 1 < p < co. Which space is largest,
which is smallest? Compare with Sobolev spaces W'*(Q), where Q is a bounded
domain.

(b) Analogously, prove that £> C 242, but not vice-versa. Again contrast this with
the embedding for the Sobolev spaces L*(Q), W"?(Q), Q bounded. Is the
embedding 2 C U*? compact?

(c) Prove that L'{[}’Z = {[u] | u € U*?}, where [u] = {u+ c|c € R}, with natural
associated norm is a Hilbert space.

(d) Prove that U4° is dense in U (in the sense that L{ﬁ is dense in L{ﬁ2) (You may
use Lemma 7 for this. If you want to complete its proof, then read ahead to learn about
the ¥ interpolant on slide 39)

2. (a) Complete the proof of the extension lemma.
(b) Explain the remark after the proof of the extension lemma: Suppose that £% is
stable in the reference state, i.e, (5°*(0)v, v) > v||Dv||%, for all v € 4°. Under this
assumption show that ¢4%? is indeed the largest space from the class UP to which
£* can be continuously extended.

3. Prove (2).
HINT: use the fact that, if Du € £?(A), then |Du(£)| — O uniformly as |¢| — co. Choose a
test function v € US and “shift” it to infinity.
34 /85



Exercises

LIN-Method: Using a harmonic approximation of the interaction outside a core region

Q D (AN Bg) amounts to defining a modified energy functional

ER™(u) =) V(Du(0)) + Y Q(Du(®)),

leQ LEN\Q
where Q(Du) = V(0) + (6V(0), Du) + %<(52 V(0)Du, Du).
Setting Fp" := EA™ + P, in the LIN method we solve
Tp™ € argmin {an(u) } ue U1’2}. (4)
This is still infinite-dimensional, but it can be reduced to a finite-dimensional problem using

lattice Green's functions (similar to FEM-BEM coupling). We will not be concerned with this, but

focus on the resulting error.
4. Prove the following result; the exponent « is something you should determine from

your proof.

Theorem 10.
Let k > 3, ™ be a strongly stable solution to (1), then there exist C, o, Ry such that, for
R > Ry, there exists a unique solution TE™ to (4) such that |DTR" — Di*||,. < R °.
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Exercises

Outline for exercise 4:
> Prove that 5" € CK(U™?).
» Prove that

16€%" (u) — 8€™()lly-1.2 < 11Dullfanag); (5)
16°€%" (u) — 8 ()l un2 zi-1.2) S [ Dullem=(map) (6)

< R™“, where " is a stable solution

~

» Consistency: conclude that ||6ER™ ()|l -1.2
of (1). (Here is the step where you find «)

» Apply the inverse function theorem to conclude the proof.
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Part 4:

Coarse-Graining the Far-Field via
Atomistic/Continuum Approach
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Physical Motivation

Atomistic Model Continuum Model Hybrid Model
3 : \

b
PO

"') arsaed

XD SR,

A

KRV
a TAVATAVA'A

V) vAvAIQ'A; ¥] TNVAVAVAYAVAY

NG}' E;' v vuuvgi />
'} SAVAVAANTATA
WANZAVAVAN
SRR,

e AVAVATAVZATAVA

> Requires huge > does not model » accuracy of atomistic
computational domain bond-breaking model at crack tip
because of long-ranged (chemistry) accurately
elastic field . . » cheap computational

> generic crack tip cost and “sufficient

» intractable except for singularity does not accuracy” of continuum
extremely high crack capture the complexity model for far-fields
speeds of the crack tip

» but considered accurate
for the elastic far-fields!
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Analytical Motivation: Higher Regularity

Theorem 11.

Let u* be a strongly stable solution of (1), then, for j < k — 2,

DIZ(0)] Sl

(The proof is analogous to Theorem 8.)

Interlude: For the rest of this lecture it is convenient to identify all lattice functions
v : A — R? with a C*>!-smooth interpolant. The details of the construction are unim-
portant, so we do not show them, but only state the important facts: there exists a
piecewise Q°-interpolant (multi-quintic) which we denote by ¥ : RY — R such that

V) =v() VLelZ,
V7] r(qy < CLllDVllercorny < Call V| 1o(wo) VQ=Q[4i,4i+1],L €A, j <3.

Theorem 11 can now be restated | EXERCISE | as
Vi ()| S X', 1<ji<k-2 (7)

In the following we drop the tilde, and unless stated otherwise we always identify a
function with its C271—interpo|ant, e, v=". 39 /85



Notes:

» The ¥ interpolant is contructed as follows: for A = Z9, let Q = ®(£i, ¢ + 1) be a “cell”
in the lattice. To define a multi-quintic interpolant on that cell, we have 69 degrees of
freedom, which we can fill by prescribing V*¥(k) at the 29 corners k of the hypercube
Q, where a € N9 is a multi-index with the restriction |a|s < 2. (note that the number
of DOFs and the number of conditions, 29 x 39, matches.)

To that end, we denote

Dl.“"‘ov(é) = v(0),
DM Mv(e) := (v(€ + &) — v(£ — e))/2,
DP™2v(l) := v(£ + &) — 2v(£) + v(£ — &),

and D"™® = D1 ... DM Ad and then define
Ve(k) = D*™%v(k),

for the corners k of the hypercube.
A proof that this interpolant is well-defined, and that it leads to a C%!-interpolant of v
is given in [17]. (quite possibly it can also be found in a textbook somewhere?)




Analytical Motivation: Exploiting the Regularity

Recall the atomistic Energy:

Expansion of V:

V(Du) = V(0) + (5V(0), Du)
+2(6V(0)Du, Du)
+50°V(0) : (Du)*®

+ £05*V(0) : (Du)®*

A ooa

Only the quadratic expansion is in gen-
eral practical because this makes evaluating
the far-field cheap through Green's function
techniques.

=Y V{D,u(®)},)

LeN

Expansion of Du:

V({D,u}) =

We will truncate at Vu,

V({V,)U—F%Viu—l—. 1)

V(Du) = V({V,u},) =t W(Vu)
~~ Cauchy—Born Approximation.
(Higher-order expansions lead into a strange
variant of strain-gradient theories [1])

Thm 11 = V3u < V?u < Vul

Remark:

Expanding either (i) W from the Cauchy—Born model; or (ii) the Du in lattice

linearised elasticity both leads to continuum linearised elasticity. In that respect, the

diagram is commutative.
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Short Summary of the CB Model

Dpu(€) = u(l + p) — u(t) = V,u(6) + 3V} + O(|V?ul),

(here, and throughout we mean by O(|V/f]), that the missing term is bounded above by
||V || oo () Where w is some “suitable” uniformly bounded neighbourhood)
Crucial consequence of Thm 11:
‘ at the atomic scale, ... V?u < V?u < Vu < u! ‘
This motivates the continuum model (as an approximation to £%)

E(u) = [d W (Vu)dx, W(F) = V((F/))/»':R).

Theorem 12.

(some technical conditions [27]) Let A be stable (2), F € H*(R?) N H2, (R?) (a dead-load
force) and fc(¢) := ef(el), then for ||F|| 12 and e suff. small, 3! ug, U° s.t.

ug € argmin {Ea(u) —(f,uy|ueU?y, —divOW(VU) =F,
IDuz — Dufllie S |Fllim = |1 D°* 2 + || DB s,

IVUE = VU2 S € Fllm ~ e (IV2U°lli2 + V2 U°|[7)

where U2(x) = eu(e~'x), u(x) = e *U°(ex). (the CB model is second-orderaccurate)



Additional Notes on the CB Model

Notes:

» The result on the previous slide is taken from [27], a similar result, with similar approach
is also taken in [8]. Previous/recent results leading up to this result are [2, 23].

» A rough outline of the proof is the following:

1. First, prove that (2) implies that 9>W(0) is elliptic (Legendre—Hadamard). This is
classical, but for a recent discussion see [11]. Knowing this means we can apply all
sorts of classical stability and regularity results for the CB Model.

2. Solve the associated PDE with external force at macro-scale:

divxdW(VU(X)) + F(X) = 0, U e A*(RY) N A3(RY).
For ||F|| 41 sufficiently small, existence and local uniqueness follows from IFT and
some elliptic regularity.

3. Rescale: discrete force fz(£) := eF(ef), trial solution @Ic(x) := e "1 U(ex), and
estimate its residual

(662 () = o, )| SNV tell2(rey + V2 e |0 e
~ & (IV2Ullagey + IV Ullagay) S € 1F N (gey-
4. Apply IFT to obtain a unique u- € /"2 such that

A ~ 2
Du: — Diic|[p2 S €°||F|| -




Notes:

» The key to getting second-order accuracy is the point symmetry of V. Here, | show this
for the energy, but a similar argument applies also for the forces (we will see this later):
let Vru :={V,u},er, then

V{D,u(0)}) = V({Vpu+ 1V3u+ O(Vul)})

= V(Vru) + Z Vs(Vpu) - [3V5u+ O(V2ul)] + O(|V2ul?)

S

= V(Dru) + 3 Z Ve(Vou) - V2u+ O(|V3u] + [V2ul?).
<

Now the point symmetry V({—g_,},) = V({gp}) implies

V.—«({Fp}p) = =V.c({Fp},),

so we obtain that

%Z V. (Vru) - V2u=0.
<




The Simplest A/C Coupling: “QCE”

» Atomistic Region: A* C A
» Continuum Region: Q° :=R9\ Uze/\a vor(€), (vor(f) :== ®L,(¢i —1/2,ell; +1/2]

» The Hybrid energy functional: | £2°(u Z( = Jrfnc (Vu)dx

(remember we identified discrete functions with a C2 1—mterpolant)
We can prove an extension lemma to show that £ € C*(¢41?).

Assuming that the atomistic region surrounds the influence of the defect P, we define
F(u) := €*(u) + P(u) and solve

U € arg min {]—'ac(u) | ue 2;11’2}. (8)
(In practise need domain truncation and finite element discretisation; we will return to
this! But for simplicity, we first consider simplified schemes.) 45 /85



The Ghost Force Problem

Suppose P = 0 and A is stable (2), then z* = 0 is a stable solution of the atomistic
problem (1). It turns out that |d£7°(0) # 0| , i.e., u =0 is not a solution of the A/C
method, i.e., the A/C method fails the patch test.

/\
o L] L ® .v. ‘\—/. L ]

Proposition 13 (Failure of Patch Test).

Let P = 0 and A stable (2), then there exists a constant ¢ > 0 such that, whenever

N #0, |D* — Di?||2 > c.
Sketch of Proof:
1. Compute forces, f(¢) := 822&()0), show for certain ¢ in a neighbourhood of the

interface that they are bounded below, |f(£)| > ¢’ > 0.
2. 16E2°(0)||y—1.2 = [|6£2°(0)]|,2 > 0. (recall that £> C U"? so U2 C £7)

3. Inverse of the error estimate:
|DT* — Do,z 2 |0€°°(T") — 6E°(T*)[Jgz-1,2 = 10€°(T*) lyg-12]| = ¢ > 0.00
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Notes on the Ghost Force Probl

Notes:

» The first rigorous results on the ghost force problem (1D, pair potential models) are
given in[4, 5, 25]. It is shown by an elementary analysis of the finite difference equations
that the effect of the ghost force decays exponentially away from the interface. Such
results do not, however extend to 2D/3D. For a/c interfaces with corners, the ghost
force effects can decay only algebraically. A precise and general analysis of this case is
still open.

» A more severe problem though that the ghost forces imply is that they change the
bifurcation diagram [6, 16].




The Zoo of C Methods

see also Tadmor, Miller (2009) “benchmark of fourteen a/c methods” [24]

1. Force-based coupling
» FeAt: Kohlhoff, Schmauder, Gumbsch (1989, 1991) [14]
» Dead-load GF removal: Shenoy, Miller, Rodney, Tadmor, Phillips, Ortiz (1999) [31]
» AtC: Parks, Gunzburger, Fish, Badia, Bochev, Lehoucq, et al. (2007, ...)
» CADD: Shilkrot & Curtin & Miller (2002, ...)

2. Blending methods: “diffusive interface”
> Belytschko & Xiao (2004) [33]
» Klein & Zimmerman (2006) [12]
» Parks, Gunzburger, Fish, Badia, Bochev, Lehoucq, et al. (2008)

3. Ghost Force Removal:
» Geometry reconstruction: Shimokawa et al (2003) [32], E, Lu, Yang (2006) [7]
CO, Zhang (2012, 2014) [28]
» Special cases: Shapeev (2012, 2013); lyer, Gavini (2010); [30]
Makridakis, Mitsoudis, Rosakis (2014) [22]

4. Quadrature approaches
» Knap/Ortiz (2003) [13], Eidel/Stuchowski (2009) [10], Gunzburger/Zhang
(2010,2011), Lin (2007)
(Luskin/CO (2009) [19]: all of them are “inconsistent” in realistic situations)

Further variations: weak equality constraints (matching) vs. strong equality constraints
(patching), optimal control approaches, domain decomposition framework, different classes of
continuum models, ... 48 /85



The Three Main ldeas in Pictures
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force-based buffer atoms blending




Blendmg / Diffuse Interface Method

Belytschko/Xiao/2004 [33], Luskin/Vankoten /2011 [15],
Badia/Parks/Bochev/Gunzburger/Lehoucq/2008, Luskin/CO/Vankoten/2012 [21]
Bauman/Dhia/Elkhodja/Oden/Prudhomme/2008 Li/Ortner/Shapeev/Vankoten [17]

The B-QCE Scheme: o® € arg min {f}’(u) |ue al,z} (9)
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Why Blending Should Work

A .
A [fA=1
| I
y >
<>
1
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Why a Numerical Analysis

® 0o 000 0 0 ® 000000
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Approximation Parameters: 1. atomistic region, 2. blending region,
3. blending function 3, 4—mesh-size-h
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Why a Numerical Analysis

000000000 000000000000 Di-vacancy, blending width 5.
IR
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Approximation Parameters: 1. atomistic region, 2. blending region,
3. blending function 3, 4—mesh-size-h
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Why a Numerical Analysis

500000000006 00000000C Di-vacancy, optimised blending
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Approximation Parameters: 1. atomistic region, 2. blending region,
3. blending function 3, 4—mesh-size-h
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QOutline of The Error Estimate

Recall the general strategy to prove an error estimate via IFT:
» X =U'2 xo = T°

» Stability estimate
(82 F°(@)v,v) > 75| Dv|
» Consistency Estimate
(6FP(@®), v) < ngl|Dv]|2
» If Lns(v5)~2 < 1 then we obtain & solution to (9) s.t.

107" — D&*||2 <
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Proof of Consistency in 1D

The full estimate is fairly technical; see [17]. Instead we show a 1D proof from [20]
(extends an earlier proof by Van Koten [15]), which shows most of the key ideas. Further,
we assume that 75, has full atomistic resolution, i.e., T, = {(£,£+1) | £ € Z}. In this case:

E(u) =) (1 - B0)V(Du()) +/ﬁW(Vu)dx

LETL

(6€°(u), v) =) (1 — B)(8V(Du), Dv) + /5W’(vu)dex,
(6E°(u) — 6™ (u), v) = /5W’(VU)Vvdx — > (8V(Du), Dv)

_ Z {/5\/,p(vnu)vpvdx — Z \/_,,(Du)D,,v(/)}

PER

Vru=(V,ou)per, V,ou=pVu

), but v has no

Taylor expansion easily implies that V ,(Vru) = V,,(Du) + O(|V?u
regularity so we cannot show D,v =~ V,v. This is nonlocality vs. locality issue is the
core issue in translating between atomistic and continuum models.
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(5€°(u) — 6 (u), v {/ﬁv (Vru)Vpvdx — Y BV, (Du) D/,v(ﬁ)}

In 1D (and in 1D only!) we can write

D,v(¢) = /Xg‘,,v,,v dx

where xz.,(x) = |p| ™%, x € conv{/, £+ p} and 0 otherwise.
We can now continue:

(6EP(u) — 6% (u), v) = {/,BV (Vru)V,ovdx — / {Zﬁ(l)\/ﬂ(Du)X“)} vadx}
¢

/ Z{ﬁpV vRu(x))—Z ()vp(Du(f»mp}Vv(x)dx
PER

We have now removed the “bad non-locality” by shifting it into a “good non-locality”
which we can remove via Taylor expansions:

> B(0) = B(x) + VB(x)(L - x) + O(V2B)
> V,(Du) =V, (Vru) + Zg V.pe(Deu(t) — Veu(x)) + O(|V2ul?)
> Dyu(f) = V,u(x) + 3Vu(x) + V,Vi_cu(x) + O(V3u)
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This is a tedious calculation, the details of which can be found in [20]. In addition to the
Taylor expansions we also need, that at element-midpoints x = k + 1/2, k € Z,

D oxes)=1 D (= x)xen(x) = -4
{4 4

Here is roughly what happens: (we write 8 = 3(x), V3 = V§(x) and so forth)

Z BV, p(Du(€))pxe,p = Z PXL,p (5 + VB« - x)) (V,p + Z V pe(Deu — Vgu)) + 0(|V28] + |V2ul?)

4 L S
2
= E pxe,pBV,p + E PX({,p/BE V,pc(%vgu+v<ve—xu)
3 £ <

+§ PXt,pVexBV.p + O(IV2B1 +V2ul® + |Vl + VAV
1
= B0V,p+ 8V Y Vipe (365" = 36%) — 4V, 9B+ 0( ).
<

Now we go back into the sum over p:

> {/3pv,p(vnu<x)) -y ﬁ((')V,,,(DU(”))/JXA,)} -5 {BVZUZ Vios (3052 = 30%) — %v,p,ﬁv,s}

PER 2 P S

+o(...)



The final step is exploiting point symmetry of V: Assumption (V) implies V,, = —V,_, and
Vips = V (Zp)(—c), SO we obtain

.:%v%E:Mm@éffq+OQV%H+me+wm+Wme)

P>S

=0

Remark on Generalisation to 2D/3D: [17]

The only step that does not generalise to 2D /3D is D, u(?) = f Xe,pVpudx. In fact it is also
true if we allow line integrals, but this does not help since we need to convert it to a volume
integral. In 2D there is a small miracle in that bond integrals can be summed to become volume
integrals [30]. In 3D no such miracle exists (to the best of my knowledge), instead we resort to
very careful mollification argument. We identify lattice fuctions v : Z9 — RY with their Q1
intepolants. Let ¢ be the Q1 hat-function centered at 0 and define v* := { * v. Then we obtain

1 1
Dpv*(é):/ Vov* (£ + tp)dt:/ /C(Z—&—tp—x)V,,v(x)dxdt
0 0

1
:/ Xé".ﬂ(x)v/)v(x)dx’ Xf,p(x) ::/ C(e—l—tp—x)dt.
JRA 0

The key in the analysis is then to exploit the invertibility of the operation v — v* (true due to
discreteness!) and to transfer back and forth between v and v* as needed.
An alternative route might be to employ the ideas in [23]?
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Full Statement of the Consistency Error Estimate

Generalising to 2D /3D we finally arrive at the following result.

Theorem 14.

Let u € UY2, then for each v, € U(Ty,) there exists u € US such that

V2Bll2 + VBV ul 2

(5> (M ), vi) — (5€2(u), )| < "
+893ulp + 18V2ule

(legend: blending error, continuum modelling error)

Notes:

» The " < " indicates that |'ve sligthly simplified the statement of the result. The “true
estimate” is what | stated + higher-order terms, or alternatively one can state an
estimate that looks more complicated but is qualitatively equivalent.




Very Rough Sketch of Stability

The proof of stability is even more involved than the proof of consistency. In 1D it is still
somewhat elementary [20], but in 2D/3D it is fairly involved: [17]
The idea is to take a sequence of approximation parameters (/3;, 7;) with Rja 1 0o and of
minimising test functions v; € U; (the space is now indexed by j) such that |[Vv;||,2 = 1 and
<(525b(|_|h7jy) —+ 5273'(|_|h’jy))vj, Vj> = vjﬁ. Due to the bound ||[Vvj||;2 = 1, we can extract a
weakly convergent subsequence (still denoted by v;). This sequence is then decomposed into three
components (scales): v; = vja + vjb + vf, for each of which we use a different stability argument:
» Vv? converges strongly at the atomic scale. It is concentrated near the defect core, hence
for a sufficiently large atomistic region stability of the defect implies stability for this test
function.
> ijb converges weakly to zero at the atomic scale but strongly at the “interfacial scale”;
i.e., after a rescaling ij(x) = 6vjb(x/e), where € ~ (R*)~! and § so that
HVW}QHLz = HV\/J-bHLz. This scaling keeps the interface (i.e., supp(V3)) near |x| =1 as
e — 0. Consistency of B-QCE implies that the action of the B-QCE hessian on this test
function is approximately the same as that of the Cauchy—Born hessian, hence stability of
the continuum model implies stability for this component of the test function.
> ijc converges weakly to zero both at the atomic and “interfacial scale” (which means that
it is not concentrated near a defect or interface). We can then exploit that, for a
subsequence, \/J.C — 0 strongly in L2(Bgp) to reduce the action of the B-QCE hessian on
this test function to the independent actions of the linearized atomistic and continuum
operators which are both stable.
» All cross-terms can be neglected in the limit as j — oo due to an approximate orthogonality
between the three components.
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Incorporating Regularity

Having proven a consistency and a stability estimate (we skip the Lipschitz estimate), we
check that the consistency error — 0 (this happens as R* — oo; it is easy to see) and the
IFT therefore yields an error estimate

—a - - 2
D" — DE°|l S V2Bl + VBV ull 2 + ||BV3ul| o + ||BV20|
Assuming that u = &* and employing the regularity estimate |V/u| < |x|*~ ¢~/ to obtain
—a, - p . —d— —d— —d—1]|2
105> = D°llee S IV2Blliz + VB 1xI™ Iz + ||BIxI 72| o + 181177 s

Introduce the radii R*, R® as in the figure: to be

. ® © 0 0 0 0 0 0 0 0 0 0 o

precise, we need that 00660000666 eee

, ® © 0 0 0 0 0 0 0 0 0 0 o

BRHC{ﬁZO}, BRI)C{['}:]-} 0000000000 00

o 0o o ® © 06 0 0 0 0 o

Some elementary estimates oo o R

o o o ® o 0o 0 0 0 0

[|81x1772| , < (/ rd71r72d74dr>1/2 < (RY)24/2 Ceeeeen

L2 ~ ~ ] 3 ® o 0o 0 0 00

R2& ® o 0o 0 0 0 0

e 1/2 000000

merc/AH; < (/ rd—lr—4d—4) S(Ra)—2—3d/2' 0060006
Ra

We arrive at: | ||DE® — DuP|p < || V2Bl 2 + IVB x| 7972 2 + (R¥)~2749/2 |,




Optimising B-QCE:

We have arrived at
|03 — D&l| < V76 ot (R

To continue analysing the rate of convergence, we must now choose . Since we have the
precise dependence of the error on /3 we know exactly how to choose it: A%3 = 0 subject
to b.c. 8 =0in Bga and § =1 in Bge. In 1D this means that 3 is a cubic spline [15]. In
practise, this is very useful for implementatin (solve this problem in a preprocessing step

[21])

It turns out for the error estimate we the following:
Bech,  |VB<G(R*—R)™,  G(R°-R»)2 (10)
(this is easy to achieve by choosing a radial 3) This yields

RP 1/2
|w|x“|L25(Rb—Ra)l< / ) S(R* = RYTNRY T

Ra&

24|V x|t

1/2

IV2Bll2 S (R° = R*) 2 [(R”)! — (R*)]
We see that the the term ||V2B is by far the worst. Its rate becomes quasi-optimal if
csR* < R” — R* < G3R?, (11)
and in this case we obtain the convergence rate

HDDa _ Dl_leeZ < (Rz\)72+d/2 + (Ra)727d/2 61 85
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Convergence Rates

Summarising what we have so far obtained:

Theorem 15 (BQCE Convergence).

Let ™ be a strongly stable solution of (1), 3 satisfy (10, 11) where Cg, cg
are independent of R*. Then, for sufficiently large R?, there exists i

solution to (9) such that |||D® — D@"||,. < (R?)~219/2

Remarks:

» In 2D, the BQCE rate is the same as that of the trivial atomstic
truncation scheme. The complex multi-scale idea has gained us
nothing! In 3D, the BQCE scheme is worse than the truncation
scheme!

» Is the rate really optimal? We will see after some remarks on
implementation.



Convergence Rate with P1-FEM

» Keep blending width R® — R* ~ R*

® © 06 06 06 06 0 0 0 0 0 0 o0

» Create finite element mesh 7 © 000000000000

» full atomistic resolution in atomistic and 000000000000

SIS A

> coarseing with rate h(x) ~ (|x|/R*)3/? . o o c 00000 e

» Total computational domain ©, = U7}, has o o o NN 00000

radius R® ~ (R?)? c 00060 e

U(Ts) = {vi : R = RY | pw. aff, ceocecsene

. p 000000

Vh:omQh}' EEEEEE

» FEM-BQCE functional (Qx = midpt quadrature) LRCRCRCRORC RO
5ﬁ(uh):Z(lfﬁ)V(Duh)+/ Qn[BW (V). = ..
Q e o /\e oSN ALE ] o o

Theorem 16. I > ..
u* strongly stable soln of (1), R* suff. Ige., then | °
Iy € argmin{(EF + P)(un) | un € U(Th)} s.t. R W . ..
18" ~ Daplla S (R) 21%/% 4 (R®) 112 1>
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Numerical Implementation

1. Choose R*, then R® = 2R?, Rc = (R?)?

2. Construct a finite element mesh and corresponding domain €, according to
these radii, with the optimal coarsening rate.

3. Compute a blending function . In practise, this is best done by solving a
discrete bi-Laplace problem. [21]

0, atomistic region. e.g., |x| < R?,
1, continuum region, e.g., |x| > RP

min || ApBpll2  subj. to B = {
where Ay is some arbitrary discrete Laplacian.
4. Supply energy and forces for
n(ur) = S(1 = AO)V(Dun() + [ QulsW(Tan)] d,
LeN

where Qp is the mid-point quadrature operator.

5. Minimise £ + P using a gradient scheme (ideally preconditioned.)
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Numerical Confirmation of the Rate

Numerical Test: divacancy in triangular lattice, NN EAM toy model

poF 12

IVus— Vu?| e

10° 10 10



Ghost-Force Removal

Motivation:

» Recall that the “ghost forces” §£%°(0) # 0 are not removed, but only smeared out
i.e. we still have 6£°(0) # 0. We can also see this if we dig deeper into the
consistency error estimate: the ||[V?3||,2 term can be made more precise:

IVl ~  [[IV*Bl16V(Vru) ||
Can we remove them altogether?

» But, motivated by the proof of the extension lemma, we can easily remove these by
“renormalising” the atomistic energy

Sa(u):ZV(Du):Z<V( u) — (5V(0 ) £ > V/'(Du)

Let the corresponding strain energy function be W'(F) := V(F - R).
» While the new site potential V// does not change £2, it does change EP:

£ (u) == (1 - B(0)V'(Du(£)) + /BW(VU) dx

With the total energy F5° = £8> 4 P we solve

The GFC-B-QCE Scheme: i%” € argmin { 7% (u) |u € U"?} (12)
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Notes on the GFC-B-QCE Scheme

Notes:

» An alternative interpretation of the GFC-B-QCE scheme (which gives it its name) is to
remove the “ghost forces” as follows:

£8P (u) := EP(u) + (5€2(0) — SEP(0), u).

It is easy to see that these are equivalent formulations, however the new formulation is
much easier to extend to more complex situations (dislocations, cracks, problems with
boundaries, etc).

The dead load correction obviously achieves that (§£8P(0), u) = 0.

More generally, one could remove the ghost force in some predictor iI; see [29].

» The idea of static ghost-forces correction originates (to my knowledge) from [31]. It is
somewhat under debate whether the scheme schould be considered energy-based or
force-based [3]; it depends heavily on the context. In our context it is clearly
energy-based.

» There is so far no rigorous analysis of the pure GFC scheme in 2D/3D, due to the fact
that as for all sharp-interface schemes, proving stability is very difficult.




Error Estimate for GFC-B-QCE

We only look at the leading term, assuming all our previous optimisations on f:
[IV28][6V'(Vru)l ll2 S (R® = R*) 2|8V (Vru) = 6V'(0)l|i2(8,,\Bes)

~

5 (Rb _ Ra)—Q(Ra)—d/Q ~ (Ra)—Z—d/Z_

Remark: This matches the error contribution from the continuum model!
That is, the GFC-B-QCE scheme is optimal among all a/c coupling schemes
where the continuum model is of first-order.

Theorem 17 (GFC-BQCE Convergence).

Let U™ be a strongly stable solution of (1), (3 satisfy (10, 11) where Cg, cg are
independent of R*. Then, for sufficiently large R?®, there exists u" solution to (9)
such that |||Du® — Dug || < (R?)=2-9/2
. _________________________________________________________________________________________________________________________|]

Remarks:
» Adding P1-FEM and truncation to the method yields the rate (R*) '~ 9/2
» For optimal rate, use P2-FEM discretisation. (This extension is possibIeGQé 85



Numerical Confirmation of the Rate

Numerical Test: divacancy in triangular lattice, NN EAM toy model

Convergence rates for the di-vacancy example
-1 T T

DoF
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ious Directions (that Require Attention)

» A Posteriori Model Adaptivity:
1. A posteriori error control of course;
2. Optimise approximation parameters on the fly to also optimise the
prefactor, not just the rate;
3. Evolve the atomistic region with the defect;
4. Place atomistic region where defect nucleates.

» Stability of sharp-interface coupling (as opposed to our blending method) E.g., it
can be shown that within the QNL class (the only known general class of
energy-based sharp-interface couplings) no “universally stable” variant exists [26].

1. How large is the stability error, i.e., is this ever a problem?
2. Are force-based sharp-interface methods stable? For a first step, see [18].

» Complex Crystals: if more than one specis of atom occurs in the crystal, they still
arrange into a periodic environment (but not a Bravais lattice anymore). Point
symmetry of the crystal and of the interaction is now lost. What is the consequence
of this? (see publications by [Abdulle/Shapeev/Lin],

[Dobson /Elliot/Luskin/Tadmor], [Vankoten/Ortner], .. .)

» Charged Defects: depending on who you talk to even the model seems to be
unclear? (e.g., Mott/Littleton vs. PBCs?) This seems particularly difficult for
charged defects on surfaces. Because of Coulomb interaction, both the interaction
and the elastic fields are long-ranged. Both are more difficult to treat analytically.
Important applications, e.g., in semiconductor design, energy storage, etc. 71 /85



» Multi-scale modelling has become a huge subdiscipline of applied mathematics.
What | have discussed in these notes is a still small niche: numerical analysis of
coarse-graining schemes for atomistic models. | have discussed one particular
example which we understand well (though not completely!) But there are many
other coarse-graining schemes that are still waiting to receive similar attention.

» 2013 Nobel Prize in Chemistry: ‘“for the development of multiscale models for
complex chemical systems".

This is often confused to mean “for the introduction of the QM/MM scheme”, but
in reality it was given for the development of “coarse-grained” molecular simulation
as a whole, including the development of interatomic potentials (as coarse-graining
of Born-Oppoenheimer MD).

» The state of multi-scale modelling is roughly where finite-difference methods were
before the CFL condition. There are few precise “regulations” to follow in
constructing good coarse-graining schemes. As a result a considerable proportion of
human resources goes into generating, fine-tuning and calibrating atomistic models
and coarse-graining schemes. A continued effort to develop a mathematical
foundation for molecular simulation in general and coarse-graining in particular will
lead to automated procedures, and simulation by “press of a button” (cf. FENICS).

» (this is all aside from the obvious improvements in accuracy, performance and

reliability that a rigorous mathematical foundation can bring.) 72 /85
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Solution Exercise 1

(a) /1 C P C 1>, hence U™ is the largest and 2! the smallest. By contrast,
L° C LP C L provided the domain is bounded (or, measure finite) so in this case
W1 s the largest, W12 the smallest.

The important point here is that on lattices /2> C £>°, which is the main reason
that linearisation arguments (Inverse function theorem) can be applied in the
energy space. By contrast one cannot normally apply IFT arguments to quasilinear
PDE divS(Vu), when taking u € W12, because the linearisation error is not
controlled. Instead one then resorts monotonicity or convexity arguments.

(b) immediate corollary of triangle inequality. The embedding is not compact; take
up(€) = 0(kn — £) where |k,| — .

(c) This just follows from the fact that ||Du — Dv||,2 = 0 implies u = v + c.

(d) For this, we just employ Lemma 7. If we believe it (we didn't actually prove
it), then we can now just use the fact that |[Dul|;z(a\gg,,) — 0 as R — oo, due to

the fact that |Du(¢)[? € ¢*.

If we do want to prove Lemma 7 properly, then all we need is a discrete Poincaré
inequality, but this requires considerable machinery. An easier technique is to
triangulate the lattice, then get an interpolant & of u, so that we get

g — (@) .|l < R||VT|| and then show some norm-equivalences. This is done in [9].
79 /85




Solution Exercise 2

(a) We need to prove that & € Ck; k > 2. We show that & € C. We first write
1
®(Du) := V(Du) — (0V(0), Du) = / (1 — t)(6?V(tDu)Du, Du) dt.
0

Fix u € U2 and take v — u in UH?; wlog ||Du — Dv|[s~ < 1. There is a modulus
of continuity w for 42V in the domain {g € (RY)® | |g| < ||Dul|¢= + 1}, hence we
obtain

|®(Du) — &(Dv)| < ’ /1(1 — t)([0°V(tDu) — 62 V/(tDv)]Du, Du) dt| + quadratic ter
0
< /lw(t|Du(€) — Dv(¢))|Du(¢)|? dt + quad. terms
0

< w(||Du — Dv||¢=) | Dul|¢z + quad. terms.

The quadratic terms are of course continuous and further, ||Du — Dv||s~ — 0 as
|Du — Dv||;z — 0. Hence, &’ € C(U*2).



To show that & € C? (with k = 2) we just expand,
E'u+v)= Z ®(Du + Dv)

_ Z ( + (6% (Du), Dv) + %(52¢(Du)Dv, Dv)

+ / ([0°V(Du + tDv) — 6*V(Du)]Dv, Dv>),

and arguing as before we obtain that the remainder tends to zero as Dv — 0 in /2.

(b) Let u € UC. If Du — 0 in £P for some p < 2, then in particular Du — 0 in ¢?
and hence £%(u) — 0.

Now suppose we take Du — 0 in ¢P for p > 2, but ||Dul|,2 — co. In this case,
E¥(u) — oo, i.e., £* is not continuous. A simple way to see this is to write

1
EE(U):/O (1= £)(6%E(tu)u, u) dt > 3(5°E(0)u, u) — C||Dulle| Dul |-

Upon rescaling, we can in fact obtain £%(u) — ¢ for any ¢ € [0, cc]. It remains to
show that such a sequence exists. To that end we just consider a mollifier p and
define ug(€) := R*u(¢/R). One can then quickly see that ||Dug||p ~ ROT9/P—1,
and by adjusting « we can obtain Dug — 0 in any ¢P space.
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Solution Exercise 3

Pick an arbitrary v € U with support contained in Bg, say, and define
Vm(£) := v(¢ — m). Then,
1Dy = 711DVl < (62E% (1) Vim, vim)

= Y. (6*V(Du)Dv, Dv)

LEANBR(m)

= (02E*(0)m,vm) + > ([0°V(Du) — 6*V(0)]Dv, Dv)
@E/\HBR(m)

< (82€*(0)v,v) + sup  w(|Du(8)])[|DV]|e,
|€]>[m|—R

But supjgjs|m|—r w(|Du(€)[) — 0 as [m[ — oo, so in the limit we obtain the
stated result.
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Solution Exercise 4

We follow the outline given after the statement of the problem. The first step, Ei" € C*
is analogous to proving the £ € C*. Note in particular that §Q(0) = §V/(0) so the

“renormalisation” does not change.
Proof of (5) (estimate for 6ER™ — 5E):

<5811n( ) . 553(11)7 V> = Z<5V(DU) — 5Q(DU), DV>

=) “(3V(Du) - 5V(0) — 6*V(0)Du, Dv).

Since V € C3, we have |6V/(Du) — §V(0) — 6°V/(0)Du| < C|Du
on ||Dul|se. So we obtain
(6ER" (u) — 66™(u),v) $ Y |Du*|Dv]| < || Duls(om IOV 2
Q/

2 where C depends only

Proof of (6) (estimate for 6°Ep™ — §2£%): analogously to the last step,

(0% (u) = 6°ER"(u)]v, v) = D ([5°V(Du) — 6*(0)]Dv, D)
e
S Y 1Dul|Dv[? < || Dul|gse @ || D72
Q/
This works because k > 3. 83 /85



To employ the IFT we set X = U2 xo = 0* (note there is no approximation
necessary here since the computational space is the same as the problem space!),
g= 55}%“. Then we obtain from Theorem 8 that

IG(o0)Il = 10€R" (@)l = [10€R" (@) — 0E™(T")llyy-1.2

oo 1/2
< C||DDaH§4 < C</ rd_lr_4d> < CR™34/2 —. 7.
R

Further, from (6) we obtain that
(02ER"(@)v, v) = [ DV|z,

where ygr — 7 as R — oo. Lipschitz continuity of 625" is easy to show along

similar lines. Hence, the IFT gives us existence of a uniquye GR" satisfying (4) and
HDulm DUaHEZ < CR~ 3d/2
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Rate of Convergence of LIN

Interstitial in 2D triangular lattice, EAM-type NN interaction

Interstitial Test : Geometry Error

85/85



	Motivation
	Variational Problems on Lattices
	Approximation
	Revision Class
	Coarse-Graining
	Outlook
	Bibliography
	Solutions

