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From neural networks to deep learning
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Deep learning is built on a natural generalization of a neural network: a graph
of tensor operators, taking advantage of

• the chain rule (aka “back-propagation”),

• stochastic gradient decent,

• convolutions,

• parallel operations on GPUs.

This does not differ much from networks from the 90s
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1949 – Donald Hebb proposes the Hebbian Learning principle.

1951 – Marvin Minsky creates the first ANN (Hebbian learning, 40 neurons).

1958 – Frank Rosenblatt creates a perceptron to classify 20× 20 images.

1959 – David H. Hubel and Torsten Wiesel demonstrate orientation selectivity and
columnar organization in the cat’s visual cortex.

1982 – Paul Werbos proposes back-propagation for ANNs.
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Fig. 1. Correspondence between the hierarchy model by Hubel and Wiesel, and the neural network of the neocognitron 

shifted in parallel from cell to cell. Hence, all the cells in 
a single cell-plane have receptive fields of the same 
function, but at different positions. 

We will use notations Us~(k~,n ) to represent the 
output of an S-cell in the kr th  S-plane in the l-th 
module, and Ucl(k~, n) to represent the output of a C-cell 
in the kr th  C-plane in that module, where n is the two- 
dimensional co-ordinates representing the position of 
these cell's receptive fields in the input layer. 

Figure 2 is a schematic diagram illustrating the 
interconnections between layers. Each tetragon drawn 
with heavy lines represents an S-plane or a C-plane, 
and each vertical tetragon drawn with thin lines, in 
which S-planes or C-planes are enclosed, represents an 
S-layer or a C-layer. 

In Fig. 2, a cell of each layer receives afferent 
connections from the cells within the area enclosed by 
the elipse in its preceding layer. To be exact, as for the 
S-cells, the elipses in Fig. 2 does not show the connect- 
ing area but the connectable area to the S-cells. That is, 
all the interconnections coming from the elipses are 
not always formed, because the synaptic connections 
incoming to the S-cells have plasticity. 

In Fig. 2, for the sake of simplicity of the figure, 
only one cell is shown in each cell-plane. In fact, all the 
cells in a cell-plane have input synapses of the same 
spatial distribution as shown in Fig. 3, and only the 
positions of the presynaptic cells are shifted in parallel 
from cell to cell. 

R3 ~I 

modifioble synapses 

) unmodifiable synopses 

Since the cells in the network are interconnected in 
a cascade as shown in Fig. 2, the deeper the layer is, the 
larger becomes the receptive field of each cell of that 
layer. The density of the cells in each cell-plane is so 
determined as to decrease in accordance with the 
increase of the size of the receptive fields. Hence, the 
total number of the cells in each cell-plane decreases 
with the depth of the cell-plane in the network. In the 
last module, the receptive field of each C-cell becomes 
so large as to cover the whole area of input layer U0, 
and each C-plane is so determined as to have only one 
C-cell. 

The S-cells and C-cells are excitatory cells. That is, 
all the efferent synapses from these cells are excitatory. 
Although it is not shown in Fig. 2, we also have 

Fig. 3. Illustration showing the input interconnections to the cells 
within a single cell-plane 

Fig. 2. Schematic diagram illustrating the 
interconnections between layers in the 
neocognitron 

Follows Hubel and Wiesel’s results.

(Fukushima, 1980)
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(leCun et al., 1998)
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AlexNet

Figure 2: An illustration of the architecture of our CNN, explicitly showing the delineation of responsibilities
between the two GPUs. One GPU runs the layer-parts at the top of the figure while the other runs the layer-parts
at the bottom. The GPUs communicate only at certain layers. The network’s input is 150,528-dimensional, and
the number of neurons in the network’s remaining layers is given by 253,440–186,624–64,896–64,896–43,264–
4096–4096–1000.

neurons in a kernel map). The second convolutional layer takes as input the (response-normalized
and pooled) output of the first convolutional layer and filters it with 256 kernels of size 5× 5× 48.
The third, fourth, and fifth convolutional layers are connected to one another without any intervening
pooling or normalization layers. The third convolutional layer has 384 kernels of size 3 × 3 ×
256 connected to the (normalized, pooled) outputs of the second convolutional layer. The fourth
convolutional layer has 384 kernels of size 3 × 3 × 192 , and the fifth convolutional layer has 256
kernels of size 3× 3× 192. The fully-connected layers have 4096 neurons each.

4 Reducing Overfitting

Our neural network architecture has 60 million parameters. Although the 1000 classes of ILSVRC
make each training example impose 10 bits of constraint on the mapping from image to label, this
turns out to be insufficient to learn so many parameters without considerable overfitting. Below, we
describe the two primary ways in which we combat overfitting.

4.1 Data Augmentation

The easiest and most common method to reduce overfitting on image data is to artificially enlarge
the dataset using label-preserving transformations (e.g., [25, 4, 5]). We employ two distinct forms
of data augmentation, both of which allow transformed images to be produced from the original
images with very little computation, so the transformed images do not need to be stored on disk.
In our implementation, the transformed images are generated in Python code on the CPU while the
GPU is training on the previous batch of images. So these data augmentation schemes are, in effect,
computationally free.

The first form of data augmentation consists of generating image translations and horizontal reflec-
tions. We do this by extracting random 224× 224 patches (and their horizontal reflections) from the
256×256 images and training our network on these extracted patches4. This increases the size of our
training set by a factor of 2048, though the resulting training examples are, of course, highly inter-
dependent. Without this scheme, our network suffers from substantial overfitting, which would have
forced us to use much smaller networks. At test time, the network makes a prediction by extracting
five 224 × 224 patches (the four corner patches and the center patch) as well as their horizontal
reflections (hence ten patches in all), and averaging the predictions made by the network’s softmax
layer on the ten patches.

The second form of data augmentation consists of altering the intensities of the RGB channels in
training images. Specifically, we perform PCA on the set of RGB pixel values throughout the
ImageNet training set. To each training image, we add multiples of the found principal components,

4This is the reason why the input images in Figure 2 are 224× 224× 3-dimensional.

5

(Krizhevsky et al., 2012)
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Figure 3: GoogLeNet network with all the bells and whistles
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Figure 3. Example network architectures for ImageNet. Left: the
VGG-19 model [41] (19.6 billion FLOPs) as a reference. Mid-
dle: a plain network with 34 parameter layers (3.6 billion FLOPs).
Right: a residual network with 34 parameter layers (3.6 billion
FLOPs). The dotted shortcuts increase dimensions. Table 1 shows
more details and other variants.

Residual Network. Based on the above plain network, we
insert shortcut connections (Fig. 3, right) which turn the
network into its counterpart residual version. The identity
shortcuts (Eqn.(1)) can be directly used when the input and
output are of the same dimensions (solid line shortcuts in
Fig. 3). When the dimensions increase (dotted line shortcuts
in Fig. 3), we consider two options: (A) The shortcut still
performs identity mapping, with extra zero entries padded
for increasing dimensions. This option introduces no extra
parameter; (B) The projection shortcut in Eqn.(2) is used to
match dimensions (done by 1×1 convolutions). For both
options, when the shortcuts go across feature maps of two
sizes, they are performed with a stride of 2.

3.4. Implementation

Our implementation for ImageNet follows the practice
in [21, 41]. The image is resized with its shorter side ran-
domly sampled in [256, 480] for scale augmentation [41].
A 224×224 crop is randomly sampled from an image or its
horizontal flip, with the per-pixel mean subtracted [21]. The
standard color augmentation in [21] is used. We adopt batch
normalization (BN) [16] right after each convolution and
before activation, following [16]. We initialize the weights
as in [13] and train all plain/residual nets from scratch. We
use SGD with a mini-batch size of 256. The learning rate
starts from 0.1 and is divided by 10 when the error plateaus,
and the models are trained for up to 60× 104 iterations. We
use a weight decay of 0.0001 and a momentum of 0.9. We
do not use dropout [14], following the practice in [16].

In testing, for comparison studies we adopt the standard
10-crop testing [21]. For best results, we adopt the fully-
convolutional form as in [41, 13], and average the scores
at multiple scales (images are resized such that the shorter
side is in {224, 256, 384, 480, 640}).

4. Experiments
4.1. ImageNet Classification

We evaluate our method on the ImageNet 2012 classifi-
cation dataset [36] that consists of 1000 classes. The models
are trained on the 1.28 million training images, and evalu-
ated on the 50k validation images. We also obtain a final
result on the 100k test images, reported by the test server.
We evaluate both top-1 and top-5 error rates.

Plain Networks. We first evaluate 18-layer and 34-layer
plain nets. The 34-layer plain net is in Fig. 3 (middle). The
18-layer plain net is of a similar form. See Table 1 for de-
tailed architectures.

The results in Table 2 show that the deeper 34-layer plain
net has higher validation error than the shallower 18-layer
plain net. To reveal the reasons, in Fig. 4 (left) we com-
pare their training/validation errors during the training pro-
cedure. We have observed the degradation problem - the

4

(He et al., 2015)
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CIFAR10

32× 32 color images, 50k train samples, 10k test samples.

(Krizhevsky, 2009, chap. 3)

François Fleuret MATH+/BMS – Introduction to Deep Learning / From neural networks to deep learning 8 / 88



Performance on CIFAR10

 75

 80

 85

 90

 95

 100

 2010  2012  2014  2016  2018

Krizhevsky et al. (2012)

Graham (2015)

Human performance

Real et al. (2018)
A

cc
u

ra
cy

 (
%

)

Year

François Fleuret MATH+/BMS – Introduction to Deep Learning / From neural networks to deep learning 9 / 88

This generalization allows to design complex networks of operators dealing with
images, sound, text, sequences, etc. and to train them end-to-end.

(Yeung et al., 2015)
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Tensor basics
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The fundamental data-structure we will manipulate is a tensor: a finite table of
numerical values indexed along several discrete dimensions.

• A 0d tensor is a scalar,

• A 1d tensor is a vector (e.g. a sound sample),

• A 2d tensor is a matrix (e.g. a grayscale image),

• A 3d tensor can be seen as a vector of identically sized matrix (e.g. a
multi-channel image),

• A 4d tensor can be seen as a matrix of identically sized matrices, or a
sequence of 3d tensors (e.g. a sequence of multi-channel images),

• etc.

Tensors are used to encode the signal to process, but also the internal states
and parameters of models.

Manipulating data through this constrained structure allows to use CPUs
and GPUs at peak performance.
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PyTorch is a Python library built on top of Torch’s THNN computational
backend.

Its main features are:

• Efficient tensor operations on CPU/GPU,

• automatic on-the-fly differentiation (autograd),

• optimizers,

• data I/O.

“Efficient tensor operations” encompass both standard linear algebra and, as we
will see later, deep-learning specific operations (convolution, pooling, etc.)

A key specificity of PyTorch is the central role of autograd to compute
derivatives of anything! We will come back to this.
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>>> x = torch.empty(2, 5)
>>> x.size()
torch.Size([2, 5])
>>> x.fill_(1.125)
tensor([[ 1.1250, 1.1250, 1.1250, 1.1250, 1.1250],

[ 1.1250, 1.1250, 1.1250, 1.1250, 1.1250]])
>>> x.mean()
tensor(1.1250)
>>> x.std()
tensor(0.)
>>> x.sum()
tensor(11.2500)
>>> x.sum().item()
11.25
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PyTorch provides interfacing to standard linear operations, such as linear system
solving or Eigen-decomposition.

>>> y = torch.empty(3).normal_()
>>> y
tensor([ 0.0477, 0.8834, -1.5996])
>>> m = torch.empty(3, 3).normal_()
>>> q, _ = torch.gels(y, m)
>>> torch.mm(m, q)
tensor([[ 0.0477],

[ 0.8834],
[-1.5996]])
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High dimension tensors
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A tensor can be of several types:

• torch.float16, torch.float32, torch.float64,

• torch.uint8,

• torch.int8, torch.int16, torch.int32, torch.int64

and can be located either in the CPU’s or in a GPU’s memory.

Operations with tensors stored in a certain device’s memory are done by that
device. We will come back to that later.
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>>> x = torch.zeros(1, 3)
>>> x.dtype, x.device
(torch.float32, device(type='cpu'))
>>> x = x.long()
>>> x.dtype, x.device
(torch.int64, device(type='cpu'))
>>> x = x.to('cuda')
>>> x.dtype, x.device
(torch.int64, device(type='cuda', index=0))
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2d tensor (e.g. grayscale image)

[•, ·]

[·, •]

3d tensor (e.g. rgb image)

[·, •, ·]

[·, ·, •]

[•, ·, ·]

4d tensor (e.g. sequence of rgb images)

[•, ·, ·, ·]

. . .[·, ·, •, ·]

[·, ·, ·, •]

[·, •, ·, ·]
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Here are some examples from the vast library of tensor operations:

Creation

• torch.empty(*size, ...)

• torch.zeros(*size, ...)

• torch.full(size, value, ...)

• torch.tensor(sequence, ...)

• torch.eye(n, ...)

• torch.from numpy(ndarray)

Indexing, Slicing, Joining, Mutating

• torch.Tensor.view(*size)

• torch.cat(inputs, dimension=0)

• torch.chunk(tensor, chunks, dim=0)[source]

• torch.split(tensor, split size, dim=0)[source]

• torch.index select(input, dim, index, out=None)

• torch.t(input, out=None)

• torch.transpose(input, dim0, dim1, out=None)

Filling

• Tensor.fill (value)

• torch.bernoulli (proba)

• torch.normal ([mu, [std]])
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Pointwise math

• torch.abs(input, out=None)

• torch.add()

• torch.cos(input, out=None)

• torch.sigmoid(input, out=None)

• (+ many operators)

Math reduction

• torch.dist(input, other, p=2, out=None)

• torch.mean()

• torch.norm()

• torch.std()

• torch.sum()

BLAS and LAPACK Operations

• torch.eig(a, eigenvectors=False, out=None)

• torch.gels(B, A, out=None)

• torch.inverse(input, out=None)

• torch.mm(mat1, mat2, out=None)

• torch.mv(mat, vec, out=None)
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x = torch.tensor([ [ 1, 3, 0 ],
[ 2, 4, 6 ] ])

x.t()

x.view(-1)

x.view(3, -1)

x.narrow(1, 1, 2)
x.view(1, 2, 3).expand(3, 2, 3)
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x = torch.tensor([ [ [ 1, 2, 1 ],
[ 2, 1, 2 ] ],

[ [ 3, 0, 3 ],
[ 0, 3, 0 ] ] ])

x.narrow(0, 0, 1)

x.narrow(2, 0, 2) x.transpose(0, 1)

x.transpose(0, 2)
x.transpose(1, 2)
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A tensor can encode heavy samples sets.

import torch, torchvision
cifar = torchvision.datasets.CIFAR10('./cifar10/', train = True, download = True)
x = torch.from_numpy(cifar.data).permute(0, 3, 1, 2).float()
x = x / 255
print(x.type(), x.size(), x.min().item(), x.max().item())

prints

Files already downloaded and verified
torch.FloatTensor torch.Size([50000, 3, 32, 32]) 0.0 1.0

[50, 000, ·, ·, ·]

. . .[·, ·, 32, ·]

[·, ·, ·, 32]

[·, 3, ·, ·]
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# Narrows to the first images, converts to float
x = x.narrow(0, 0, 48).float()

# Saves these samples as a single image
torchvision.utils.save_image(x, 'cifar-4x12.png', nrow = 12)
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# Switches the row and column indexes
x.transpose_(2, 3)
torchvision.utils.save_image(x, 'cifar-4x12-rotated.png', nrow = 12)
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# Kills the green and blue channels
x.narrow(1, 1, 2).fill_(0)
torchvision.utils.save_image(x, 'cifar-4x12-rotated-and-red.png', nrow = 12)
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DAG networks
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We can generalize an MLP

x ×

w (1)

+

b(1)

σ ×

w (2)

+

b(2)

σ f (x)

to an arbitrary “Directed Acyclic Graph” (DAG) of operators

x

φ(1)

φ(2)

f (x)φ(3)

w (1)

w (2)
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If (a1, . . . , aQ) = φ(b1, . . . , bR), we use the notation

[
∂a

∂b

]
= Jφ =


∂a1

∂b1
. . . ∂a1

∂bR
...

. . .
...

∂aQ
∂b1

. . .
∂aQ
∂bR

 .

Also, if (a1, . . . , aQ) = φ(b1, . . . , bR , c1, . . . , cS ), we use

[
∂a

∂c

]
= Jφ|c =


∂a1

∂c1
. . . ∂a1

∂cS
...

. . .
...

∂aQ
∂c1

. . .
∂aQ
∂cS

 .
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Evaluation (aka “forward pass”)

x(0) = x

x(1)φ(1)

x(2)φ(2)

f (x) = x(3)φ(3)

w (1)

w (2)

x(0) = x

x(1) = φ(1)(x(0);w (1))

x(2) = φ(2)(x(0), x(1);w (2))

f (x) = x(3) = φ(3)(x(1), x(2);w (1))
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Derivatives w.r.t activations (aka “backward pass”)

x(0) = x

x(1)φ(1)

x(2)φ(2)

f (x) = x(3)φ(3)

w (1)

w (2)

[
∂l

∂x(2)

]
=

[
∂x(3)

∂x(2)

][
∂l

∂x(3)

]
= Jφ(3)|x (2)

[
∂l

∂x(3)

]
[
∂l

∂x(1)

]
=

[
∂x(2)

∂x(1)

][
∂l

∂x(2)

]
+

[
∂x(3)

∂x(1)

] [
∂l

∂x(3)

]
= Jφ(2)|x (1)

[
∂l

∂x(2)

]
+ Jφ(3)|x (1)

[
∂l

∂x(3)

]
[
∂l

∂x(0)

]
=

[
∂x(1)

∂x(0)

][
∂l

∂x(1)

]
+

[
∂x(2)

∂x(0)

] [
∂l

∂x(2)

]
= Jφ(1)|x (0)

[
∂l

∂x(1)

]
+ Jφ(2)|x (0)

[
∂l

∂x(2)

]
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Derivatives w.r.t parameters

x(0) = x

x(1)φ(1)

x(2)φ(2)

f (x) = x(3)φ(3)

w (1)

w (2)

[
∂l

∂w (1)

]
=

[
∂x(1)

∂w (1)

] [
∂l

∂x(1)

]
+

[
∂x(3)

∂w (1)

][
∂l

∂x(3)

]
= Jφ(1)|w (1)

[
∂l

∂x(1)

]
+ Jφ(3)|w (1)

[
∂l

∂x(3)

]
[
∂l

∂w (2)

]
=

[
∂x(2)

∂w (2)

] [
∂l

∂x(2)

]
= Jφ(2)|w (2)

[
∂l

∂x(2)

]
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So if we have a library of “tensor operators”, and implementations of

(x1, . . . , xd ,w) 7→ φ(x1, . . . , xd ;w)

∀c, (x1, . . . , xd ,w) 7→ Jφ|xc (x1, . . . , xd ;w)

(x1, . . . , xd ,w) 7→ Jφ|w (x1, . . . , xd ;w),

we can build an arbitrary directed acyclic graph with these operators at the
nodes, compute the response of the resulting mapping, and compute its
gradient with back-prop.
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Writing from scratch a large neural network is complex and error-prone.

Multiple frameworks provide libraries of tensor operators and mechanisms to
combine them into DAGs and automatically differentiate them.

Language(s) License Main backer

PyTorch Python BSD Facebook

Caffe2 C++, Python Apache Facebook

TensorFlow Python, C++ Apache Google

MXNet Python, C++, R, Scala Apache Amazon

CNTK Python, C++ MIT Microsoft

Torch Lua BSD Facebook

Theano Python BSD U. of Montreal

Caffe C++ BSD 2 clauses U. of CA, Berkeley

One approach is to define the nodes and edges of such a DAG statically (Torch,
TensorFlow, Caffe, Theano, etc.)
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In TensorFlow, to run a forward/backward pass on

x(0) = x

x(1)φ(1)

x(2)φ(2)

f (x) = x(3)φ(3)

w (1)

w (2)

φ(1)
(
x(0);w (1)

)
= w (1)x(0)

φ(2)
(
x(0), x(1);w (2)

)
= x(0) + w (2)x(1)

φ(3)
(
x(1), x(2);w (1)

)
= w (1)

(
x(1) + x(2)

)

w1 = tf.Variable(tf.random_normal([5, 5]))
w2 = tf.Variable(tf.random_normal([5, 5]))
x = tf.Variable(tf.random_normal([5, 1]))
x0 = x
x1 = tf.matmul(w1, x0)
x2 = x0 + tf.matmul(w2, x1)
x3 = tf.matmul(w1, x1 + x2)
q = tf.norm(x3)

gw1, gw2 = tf.gradients(q, [w1, w2])

with tf.Session() as sess:
sess.run(tf.global_variables_initializer())
_gw1, _gw2 = sess.run([gw1, gw2])
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Autograd
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Conceptually, the forward pass is a standard tensor computation, and the DAG
of tensor operations is required only to compute derivatives.

When executing tensor operations, PyTorch can automatically construct
on-the-fly the graph of operations to compute the gradient of any quantity
with respect to any tensor involved.

This “autograd” mechanism (Paszke et al., 2017) has two main benefits:

• Simpler syntax: one just need to write the forward pass as a standard
sequence of Python operations,

• greater flexibility: since the graph is not static, the forward pass can be
dynamically modulated.
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A Tensor has a Boolean field requires_grad, set to False by default, which
states if PyTorch should build the graph of operations so that gradients with
respect to it can be computed.

The result of a tensorial operation has this flag to True if any of its operand
has it to True.

>>> x = torch.tensor([ 1., 2. ])
>>> y = torch.tensor([ 4., 5. ])
>>> z = torch.tensor([ 7., 3. ])
>>> x.requires_grad
False
>>> (x + y).requires_grad
False
>>> z.requires_grad = True
>>> (x + z).requires_grad
True
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torch.autograd.grad(outputs, inputs) computes and returns the gradient
of outputs with respect to inputs.

>>> t = torch.tensor([1., 2., 4.]).requires_grad_()
>>> u = torch.tensor([10., 20.]).requires_grad_()
>>> a = t.pow(2).sum() + u.log().sum()
>>> torch.autograd.grad(a, (t, u))
(tensor([2., 4., 8.]), tensor([0.1000, 0.0500]))

inputs can be a single tensor, but the result is still a [one element] tuple.

If outputs is a tuple, the result is the sum of the gradients of its elements.
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The function Tensor.backward() accumulates gradients in the grad fields of
tensors which are not results of operations, the “leaves” in the autograd graph.

>>> x = torch.tensor([ -3., 2., 5. ]).requires_grad_()
>>> u = x.pow(3).sum()
>>> x.grad
>>> u.backward()
>>> x.grad
tensor([27., 12., 75.])

This function is an alternative to torch.autograd.grad(...) and standard for
training models.
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B Tensor.backward() accumulates the gradients in the grad fields of
tensors, so one may have to set them to zero before calling it.

This accumulating behavior is desirable in particular to compute the gradient of
a loss summed over several “mini-batches,” or the gradient of a sum of losses.
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So we can run a forward/backward pass on

x(0) = x

x(1)φ(1)

x(2)φ(2)

f (x) = x(3)φ(3)

w (1)

w (2)

φ(1)
(
x(0);w (1)

)
= w (1)x(0)

φ(2)
(
x(0), x(1);w (2)

)
= x(0) + w (2)x(1)

φ(3)
(
x(1), x(2);w (1)

)
= w (1)

(
x(1) + x(2)

)

w1 = torch.rand(5, 5).requires_grad_()
w2 = torch.rand(5, 5).requires_grad_()
x = torch.empty(5).normal_()

x0 = x
x1 = w1 @ x0
x2 = x0 + w2 @ x1
x3 = w1 @ (x1 + x2)

q = x3.norm()

q.backward()
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w1 = torch.rand(20, 10).requires_grad_()
b1 = torch.rand(20).requires_grad_()
w2 = torch.rand(5, 20).requires_grad_()
b2 = torch.rand(5).requires_grad_()

x = torch.rand(10)
h = torch.tanh(w1 @ x + b1)
y = torch.tanh(w2 @ h + b2)

target = torch.rand(5)

loss = (y - target).pow(2).mean()

loss []

MeanBackward1

PowBackward0

ThSubBackward

TanhBackward

ThAddBackward

0 1

MvBackward

0 1
AccumulateGrad

AccumulateGrad TanhBackward

w2 [5, 20]
ThAddBackward

0 1

MvBackward AccumulateGrad

AccumulateGrad

w1 [20, 10]

b1 [20]

b2 [5]
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w = torch.rand(3, 10, 10).requires_grad_()

def blah(k, x):
for i in range(k):

x = torch.tanh(w[i] @ x)
return x

u = blah(1, torch.rand(10))
v = blah(3, torch.rand(10))
q = u.dot(v)

q []

DotBackward

0 1

TanhBackward TanhBackward

MvBackward

SelectBackward

AccumulateGrad

w [3, 10, 10]

MvBackward

0 1

SelectBackward

TanhBackward

MvBackward

0 1

SelectBackward

TanhBackward

MvBackward

SelectBackward
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Elements from torch.nn.functional are autograd-compliant functions which
compute a result from provided arguments alone. This is usually imported as F.

>>> x = torch.empty(8).normal_()
>>> x
tensor([ 0.6502, 0.1161, -1.1509, -0.2337, -1.0798, -2.3269, 0.0165, 1.1905])
>>> F.relu(x)
tensor([0.6502, 0.1161, 0.0000, 0.0000, 0.0000, 0.0000, 0.0165, 1.1905])

Subclasses of torch.nn.Module are losses and network components. The latter
embed parameters to be optimized during training.

>>> x = torch.empty(2, 3).normal_()
>>> m = torch.nn.Linear(3, 4)
>>> m(x)
tensor([[-0.6673, 0.2003, -0.7815, -0.9381],

[ 0.1856, -0.1588, -0.0570, -0.2990]], grad_fn=<AddmmBackward>)
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Convolutions
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If they were handled as normal “unstructured” vectors, large-dimension signals
such as sound samples or images would require models of intractable size.

For instance a linear layer taking a 256× 256 RGB image as input, and
producing an image of same size would require

(256× 256× 3)2 ' 3.87e+10

parameters, with the corresponding memory footprint ('150Gb !), and excess
of capacity.
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Moreover, this requirement is inconsistent with the intuition that such large
signals have some “invariance in translation”. A representation meaningful at
a certain location can / should be used everywhere.

A convolution layer embodies this idea. It applies the same linear
transformation locally, everywhere, and preserves the signal structure.
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Formally, in 1d, given
x = (x1, . . . , xW )

and a “convolution kernel” (or “filter”) of width w

u = (u1, . . . , uw )

the convolution x ~ u is a vector of size W − w + 1, with

(x ~ u)i =
w∑
j=1

xi−1+j uj

= (xi , . . . , xi+w−1) · u

for instance

(1, 2, 3, 4) ~ (3, 2) = (3 + 4, 6 + 6, 9 + 8) = (7, 12, 17).

B This differs from the usual convolution since the kernel and the signal
are both visited in increasing index order.
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Convolution can implement in particular differential operators, e.g.

(0, 0, 0, 0, 1, 2, 3, 4, 4, 4, 4) ~ (−1, 1) = (0, 0, 0, 1, 1, 1, 1, 0, 0, 0).

~ =

or crude “template matcher”, e.g.

~ =

Both of these computation examples are indeed “invariant by translation”.
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It generalizes naturally to a multi-dimensional input, although specification can
become complicated.

Its most usual form for “convolutional networks” processes a 3d tensor as input
(i.e. a multi-channel 2d signal) to output a 2d tensor. The kernel is not swiped
across channels, just across rows and columns.

In this case, if the input tensor is of size C × H ×W , and the kernel is
C × h × w , the output is (H − h + 1)× (W − w + 1).

B We say “2d signal” even though it has C channels, since it is a feature
vector indexed by a 2d location without structure on the feature indexes.

In a standard convolution layer, D such convolutions are combined to generate
a D × (H − h + 1)× (W − w + 1) output.
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Note that a convolution preserves the signal support structure.

A 1d signal is converted into a 1d signal, a 2d signal into a 2d, and neighboring
parts of the input signal influence neighboring parts of the output signal.

A 3d convolution can be used if the channel index has some metric meaning,
such as time for a series of grayscale video frames. Otherwise swiping across
channels makes no sense.
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We usually refer to one of the channels generated by a convolution layer as an
activation map.

The sub-area of an input map that influences a component of the output as the
receptive field of the latter.

In the context of convolutional networks, a standard linear layer is called a fully
connected layer since every input influences every output.
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torch.nn.functional.conv2d(input, weight, bias=None,
stride=1, padding=0, dilation=1, groups=1)

Implements a 2d convolution, where weight contains the kernels, and is
D × C × h × w , bias is of dimension D, input is of dimension

N × C × H ×W

and the result is of dimension

N × D × (H − h + 1)× (W − w + 1).

>>> weight = torch.empty(5, 4, 2, 3).normal_()
>>> bias = torch.empty(5).normal_()
>>> input = torch.empty(117, 4, 10, 3).normal_()
>>> output = torch.nn.functional.conv2d(input, weight, bias)
>>> output.size()
torch.Size([117, 5, 9, 1])

Similar functions implement 1d and 3d convolutions.
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x = mnist_train.data[12].float().view(1, 1, 28, 28)

weight = torch.empty(5, 1, 3, 3)

weight[0, 0] = torch.tensor([ [ 0., 0., 0. ],
[ 0., 1., 0. ],
[ 0., 0., 0. ] ])

weight[1, 0] = torch.tensor([ [ 1., 1., 1. ],
[ 1., 1., 1. ],
[ 1., 1., 1. ] ])

weight[2, 0] = torch.tensor([ [ -1., 0., 1. ],
[ -1., 0., 1. ],
[ -1., 0., 1. ] ])

weight[3, 0] = torch.tensor([ [ -1., -1., -1. ],
[ 0., 0., 0. ],
[ 1., 1., 1. ] ])

weight[4, 0] = torch.tensor([ [ 0., -1., 0. ],
[ -1., 4., -1. ],
[ 0., -1., 0. ] ])

y = torch.nn.functional.conv2d(x, weight)
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class torch.nn.Conv2d(in_channels, out_channels,
kernel_size, stride=1, padding=0, dilation=1,
groups=1, bias=True)

Wraps the convolution into a Module, with the kernels and biases as Parameter

properly randomized at creation.

The kernel size is either a pair (h,w) or a single value k interpreted as (k, k).

>>> f = nn.Conv2d(in_channels = 4, out_channels = 5, kernel_size = (2, 3))
>>> for n, p in f.named_parameters(): print(n, p.size())
...
weight torch.Size([5, 4, 2, 3])
bias torch.Size([5])
>>> x = torch.empty(117, 4, 10, 3).normal_()
>>> y = f(x)
>>> y.size()
torch.Size([117, 5, 9, 1])
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Pooling
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The historical approach to compute a low-dimension signal (e.g. a few scores)
from a high-dimension one (e.g. an image) was to use pooling operations.

Such an operation aims at grouping several activations into a single “more
meaningful” one.
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The most standard type of pooling is the max-pooling, which computes max
values over non-overlapping blocks.

For instance in 1d with a kernel of size 2:
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The average pooling computes average values per block instead of max values.
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Pooling provides invariance to any permutation inside one of the cell.

More practically, it provides a pseudo-invariance to deformations that result into
local translations.

Input

Output

François Fleuret MATH+/BMS – Introduction to Deep Learning / Pooling 65 / 88

torch.nn.functional.max_pool2d(input, kernel_size,
stride=None, padding=0, dilation=1,
ceil_mode=False, return_indices=False)

takes as input a N × C × H ×W tensor, and a kernel size (h,w) or k
interpreted as (k, k), applies the max-pooling on each channel of each sample
separately, and produce if the padding is 0 a N × C × bH/hc × bW /wc output.

>>> x = torch.empty(2, 2, 6).random_(3)
>>> x
tensor([[[ 1., 2., 2., 1., 2., 1.],

[ 2., 0., 0., 0., 1., 0.]],

[[ 2., 0., 2., 1., 1., 1.],
[ 0., 0., 0., 1., 2., 1.]]])

>>> F.max_pool2d(x, (1, 2))
tensor([[[ 2., 2., 2.],

[ 2., 0., 1.]],

[[ 2., 2., 1.],
[ 0., 1., 2.]]])

Similar functions implements 1d and 3d max-pooling, and average pooling.
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As for convolution, pooling operations can be modulated through their stride
and padding.

While for convolution the default stride is 1, for pooling it is equal to the kernel
size, but this not obligatory.

Default padding is zero.
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class torch.nn.MaxPool2d(kernel_size, stride=None,
padding=0, dilation=1,
return_indices=False, ceil_mode=False)

Wraps the max-pooling operation into a Module.

As for convolutions, the kernel size is either a pair (h,w) or a single value k
interpreted as (k, k).
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Stochastic gradient descent
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To minimize a loss of the form

ℒ (w) =
N∑

n=1

l(f (xn;w), yn)︸ ︷︷ ︸
ln(w)

the standard gradient-descent algorithm update has the form

wt+1 = wt − η∇ℒ (wt).
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While it makes sense in principle to compute the gradient exactly, in practice:

• It takes time to compute (more exactly all our time!).

• It is an empirical estimation of an hidden quantity, and any partial sum is
also an unbiased estimate, although of greater variance.

• It is computed incrementally

∇ℒ (wt) =
N∑

n=1

∇ln(wt),

and when we compute ln, we have already computed l1, . . . , ln−1, and
we could have a better estimate of w∗ than wt .
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To illustrate how partial sums are good estimates, consider an ideal case where
the training set is the same set of M � N samples replicated K times. Then

ℒ (w) =
N∑

n=1

l(f (xn;w), yn)

=
K∑

k=1

M∑
m=1

l(f (xm;w), ym)

= K
M∑

m=1

l(f (xm;w), ym).

So instead of summing over all the samples and moving by η, we can visit only
M = N/K samples and move by Kη, which would cut the computation by K .

Although this is an ideal case, there is redundancy in practice that results in
similar behaviors.
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The stochastic gradient descent consists of updating the parameters wt after
every sample

wt+1 = wt − η∇ln(t)(wt).

However this does not benefit from the speed-up of batch-processing.

The mini-batch stochastic gradient descent is the standard procedure for deep
learning. It consists of visiting the samples in “mini-batches”, each of a few
tens of samples, and updating the parameters each time.

wt+1 = wt − η
B∑

b=1

∇ln(t,b)(wt).

The order n(t, b) to visit the samples can either be sequential, or uniform
sampling, usually without replacement.

The stochastic behavior of this procedure helps evade local minima.
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The PyTorch module torch.optim provides many optimizers.

An optimizer has an internal state to keep quantities such as moving averages,
and operates on an iterator over Parameters.

• Values specific to the optimizer can be specified to its constructor, and

• its step method updates the internal state according to the grad attributes
of the Parameters, and updates the latter according to the internal state.
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Putting all this together
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We now have the tools to build and train a deep network:

• various layers,

• automatic differentiation,

• stochastic gradient descent.

The only piece missing is the policy to initialize the parameters.

PyTorch initializes parameters with default rules when modules are created.
They normalize weights according to the layer sizes (Glorot and Bengio, 2010)
and behave usually very well. We will come back to this.
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class Net(nn.Module):
def __init__(self):

super(Net, self).__init__()
self.conv1 = nn.Conv2d(1, 32, kernel_size = 5)
self.conv2 = nn.Conv2d(32, 64, kernel_size = 5)
self.fc1 = nn.Linear(256, 200)
self.fc2 = nn.Linear(200, 10)

def forward(self, x):
x = F.relu(F.max_pool2d(self.conv1(x), kernel_size = 3))
x = F.relu(F.max_pool2d(self.conv2(x), kernel_size = 2))
x = x.view(x.size(0), -1)
x = F.relu(self.fc1(x))
x = self.fc2(x)
return x
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train_set = torchvision.datasets.MNIST('./data/mnist/',
train = True, download = True)

train_input = train_set.data.view(-1, 1, 28, 28).float()
train_targets = train_set.targets

lr, nb_epochs, batch_size = 1e-1, 10, 100

model = Net()

optimizer = torch.optim.SGD(model.parameters(), lr = lr)
criterion = nn.CrossEntropyLoss()

model.to(device)
criterion.to(device)
train_input, train_targets = train_input.to(device), train_targets.to(device)

mu, std = train_input.mean(), train_input.std()
train_input.sub_(mu).div_(std)

for e in range(nb_epochs):
for input, targets in zip(train_input.split(batch_size),

train_targets.split(batch_size)):
output = model(input)
loss = criterion(output, targets)
optimizer.zero_grad()
loss.backward()
optimizer.step()
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Architecture choice and training protocol
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Choosing the network structure is a difficult exercise. There is no silver bullet.

• Re-use something “well known, that works”, or at least start from there,

• split feature extraction / inference (although this is debatable),

• modulate the capacity until it overfits a small subset, but does not overfit /
underfit the full set,

• capacity increases with more layers, more channels, larger receptive fields,
or more units,

• regularization to reduce the capacity or induce sparsity,

• identify common paths for siamese-like,

• identify what path(s) or sub-parts need more/less capacity,

• use prior knowledge about the ”scale of meaningful context” to size filters
/ combinations of filters (e.g. knowing the size of objects in a scene, the
max duration of a sound snippet that matters),

• grid-search all the variations that come to mind (and hopefully have farms
of GPUs to do so).

François Fleuret MATH+/BMS – Introduction to Deep Learning / Architecture choice and training protocol 81 / 88

Regarding the learning rate, for training to succeed it has to

• reduce the loss quickly ⇒ large learning rate,

• not be trapped in a bad minimum ⇒ large learning rate,

• not bounce around in narrow valleys ⇒ small learning rate, and

• not oscillate around minima ⇒ small learning rate.

These constraints lead to a general policy of using a larger step size first, and
a smaller one in the end.

The practical strategy is to look at the losses and error rates across epochs and
pick a learning rate and learning rate adaptation. For instance by reducing it at
discrete pre-defined steps, or with a geometric decay.
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CIFAR10 data-set

32× 32 color images, 50, 000 train samples, 10, 000 test samples.

(Krizhevsky, 2009, chap. 3)
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Small convnet on CIFAR10, cross-entropy, batch size 100, η = 1e − 1.
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Small convnet on CIFAR10, cross-entropy, batch size 100
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Using η = 1e − 1 for 25 epochs, then reducing it.
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While the test error still goes down, the test loss may increase, as it gets even
worse on misclassified examples, and decreases less on the ones getting fixed.
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We can plot the train and test distributions of the per-sample loss

l = − log

(
exp(fY (X ;w))∑
k exp(fk (X ;w))

)
through epochs to visualize the over-fitting.
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