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PARITY LEMMA:  #(X ∩ Y) ≡  0 (mod2) 

Deforma.on Argument:  Changes are even. 
 
 



CYLINDER 

•  (Drawing on Blackboard) 



MöBIUS BAND 

•  (Drawing on Blackboard) 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Whitney Duality Level 1 

•  X: [a,b]  M , a curve on a surface 
•  T(t) = unit tangent vector = X’(t)/|X’(t)| 
•  N(t) = unit normal vector 
•  U(t) = N(t) x T(t) 
•  Cylinder strip: N(b) = N(a), U(b) = U(a) 
•  Möbius strip: N(b) = ‐N(a), U(b) = ‐U(a) 
•  #(X ∩ tangen.al var.) ≡  #(X ∩ normal var.) 
•  DW1 = DW1 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∩ 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plane map)    Even      Odd 



Proper.es of Fold Cycles 

•  For an immersed surface F: M2 R3, any two 
singularity sets of projec.ons to planes 
together bound a region. 

•  For an abstract simplicial surface, any two 
mappings to the plane with ver.ces in general 
posi.on are homologous by a sequence of 
elementary moves.   





Whitney Duality Theorem 



Cycle Level Duality for SW Classes 

• F: M2  R3, immersion 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GLASSBLOWERS KLEIN BOTTLE 



CANDY STRIPE KLEIN BOTTLE 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Surfaces 

In the 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Boundary 





Multiple Points 

Single point  Double point  Triple  point 















Triple Point Twist 



Triple Point Theorem 

•  Theorem: For an immersion, f:M2→R3, 
with T(f) triple points,  

   the Euler characteristic χ(M)  
   is congruent modulo 2  
   to the number of triple points: 
   χ(M) ≡ T(f) mod(2). 
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•  Addi.onal slides for 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arer the talk: 



Cycle Level Duality for SW Classes 

• F: M2  R3, immersion 
• Pij:R3 R2ij = [Ei] ⨁ [Ej ] 
• S(PijF) = { x in M | TxF  ⊥ R2ij } 
• S(P13F) ∩ S(P23F) = S(P3F) 
• W1 ∪  W1 = W2 



Cycle Level Duality for SW Classes 

• F: M2  R3  
• Pi: R3  R1j = [Ej], P3F: M2R13    
• S(P3F) = {x in M| TXF ⊥ R3} 
•   Pij:R3 R2ij = [Ei] ⨁ [Ej ] 
• S(PijF) = { x in M | TxF  ⊥ R2ij } 



Cycle Level Duality for SW Classes 

• F: M2  R3  
• Pi: R3  R1j = [Ej], P3F: M2R13    
• S(P3F) = {x in M| TXF ⊥ R3} 
•   Pij:R3 R2ij = [Ei] ⨁ [Ej ] 
• S(PijF) = { x in M | TxF  ⊥ R2ij } 
• S(P13F) ∩ S(P23F) = S(P3F) 



Cycle Level Duality for SW Classes 

• F: M2  R4, stable map from R4 
• Pijk:R4 R3ijk = [Ei] ⨁ [Ej ] ⨁ [Ek ] 
• S(PijkF) = { x in M | TxF  ⊥ R2ijk } 
• S(P13F)∩S(P23F) = S(P3F)∪S(P123F) 
• W1 ∪  W1 = W2 + W2 


