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Vorspruch highlighted in Deutsche Mathematik, vol. 4, 1939, p. 449. 
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Ludwig Wittgenstein in1928

Es ist ein merkwürdiger Irrtum der Mathematiker, dass manche von ihnen glauben, dass durch eine Kritik 

der Grundlagen etwas in der Mathematik fortfallen könnte. Ein Teil der Mathematiker hat den ganz richtigen 

Instinkt: was wir einmal gerechnet haben, kann doch nicht fortfallen und verschwinden! In der Tat, das, was 

durch die Kritik zum Verschwinden gebracht wird, das sind die Namen, die Anspielungen, die im Kalkül 

vorkommen, also das, was ich die Prosa nennen möchte. Es ist sehr wichtig, zwischen dem Kalkül und dieser 

Prosa auf das strengste zu unterscheiden. Hat man diese Scheidung einmal klar gemacht, so fallen alle diese 

Fragen wie die nach Widerspruchsfreiheit, Unabhängigkeit etc. weg.                            (WWK 149)

It is a strange error of mathematicians that some of them think that through 
foundational criticism something could get lost in mathematics.  Some 
mathematicians have the completely correct instinct: what we have calculated 
once cannot get lost or disappear. Indeed, what the criticism makes disappear are 
the names, the allusions which occur in the calculus, i.e., that which I would like to 
call the prose. It is very important to distinguish most strictly between the calculus 
and the prose. Once this distinction has been clearly made, all those questions 
about consistency, independence, etc. vanish. 
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A famous example of a space curve; 
the “twisted cubic curve”, image of :

Set-theoretically, this curve is 
the intersection of 2 surfaces, 

given by the equations :

The curve is not an ideal-theoretic complete intersection.

Its ideal is generated by:   

It is a set-theoretical 
complete intersection.
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The story I want to tell begins with ....

Leopold Kronecker (1823-1891) who 
taught in particular elimination 
theory in his lecture courses at 
Berlin University, at least since the 
1870s.

From this theory he deduced 
the following theorem :
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Theorem. Every system consisting of an arbitrary number of (polynomial) 
equations in n variables can always be replaced by a system of (n+1) 
equations among these variables.

Jedes Gleichungssystem, aus beliebig vielen Gleichungen unter n  Variablen 
bestehend, läßt sich stets durch ein System von (n+1) Gleichungen 

unter diesen Variablen ersetzen.

Special case:   Every curve in 3-space can always be given by at most 4 
equations, i.e., as intersection of at most four surfaces.

The fact that he formulates here the theorem in terms of resolvents 
indicates that he wants more than just a description of point sets.
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From Kronecker’s 
Festschrift, 1882
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Theodor Vahlen 
(1869 Vienna - 
Prague1945)

“Research is struggle. To wrest from 
mathematics its deeply entrenched 
truths requires force, courage, 
toughness, and it forges the 
character into steel.” 

DM 4 (1939), p. 278.

President of the Berlin 
Academy of Sciences 

as of 1938.  
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The first report dedicated by Deutsche Mathematik (vol. 1, 1936, pp. 389-420) to the 
work of a living GERMAN mathematician presented  Vahlen’s oeuvre.

Vahlen’s Example published in 1891: The rational quintic space curve with a  
quadrisecant is the intersection of 4, but not of less than 4 surfaces. 
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Vahlen’s 1891 paper in total,
< 2 pages in Crelle, vol. 108.
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Vahlen’s 1891 paper, 1st paragraph.
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Vahlen’s
1891 
paper,
second 

paragraph
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Vahlen’s 1891 paper, 3rd and last paragraph.
Computation showing that, for the rational twisted quintic with one 4-secant 
(therefore not contained in any quadric), no 3 surfaces exist which make S=0.
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 Vahlen uses 

        (1) Schubert Calculus, 
              i.e., enumerative geometry,

 and    

        (2) Max Noether’s fundamental 1882 paper on 

 
    space curves in Crelle 93 (pp. 271-318).

H.C.H. Schubert
(1848 - 1911)

Recall Hilbert’s 15th problem :  
Rigorous foundation of 

Schubert Calculus.

W.-D. Geyer in 1977 called  Vahlen’s paper 
a  “short and dark article.”

Max Noether
(1844 - 1921)
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The goal of Schubert calculus is to effectively compute the number (not 
determine the nature!) of all the geometric objects satisfying a set of 
conditions which, taken together, admit but finitely many solutions. 
Examples include 
“(1) to find the number of circles tangent to 3 given circles, which 
Appolonius investigated about 200 B.C.; 
(2) to find the number of arbitrary conics—ellipses, parabolas and 
hyperbolas, as well as circles—tangent to 5 conics, which Steiner proposed 
in 1848 as a natural generalization of the problem of Appolonius; 
(3) to find the number of twisted cubics tangent to 12 quadratic surfaces, 
whose remarkable solution, published only in Schubert’s book of 1879 
(culminating on p. 184), won Schubert the gold medal in 1875 from the 
Royal Danish Academy.” [Quoted from Kleiman.] 
(Steiner had thought the solution to (2) was 65 = 7776, but was corrected 
by Chasles in 1864 who came up with the right answer 3264.  
The prizeworthy number of solutions to (3) that Schubert found is 
5,819,539,783,680.)
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Clipping from Max Noether’s 1882 paper 
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Criticism of  Vahlen’s example in1941 (!) by 
Geheimrat Prof. Dr. Oskar Perron (1880-1975)

Perron simply does it : he writes Vahlen’s 
curve as the intersection of  three  surfaces ! 
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Perron about  Vahlen’s example

Herr Vahlen has not computed anything in his paper, but thought he could 
deduce from enumerations that three surfaces always had to contain 
other points, alien to the curve. But this is not so. I will rather show below 
that already the most obvious three cone-surfaces which one ontains from 
the parameter representation of the curve by eliminating the parameter do 
not have any points in common which are alien to the curve.
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Perron’s projective parameter presentation of Vahlen’s curve 
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Perron’s 3 surfaces whose intersection is Vahlen’s curve

This 15x15 determinant is a 
homogeneous polynomial of 

deg. 5 in the 3 x’s, whose zero 
set contains Vahlen’s curve.
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Note.

1. Perron’s argument is completely transparent.

2. He does not point us to a specific mistake that 
Vahlen made; rather he uses the bad reputation of 
Schubert calculus to discredit Vahlen’s argument in 
general, whose specific conclusion he disproves.
(I imagine that Perron never studied Max Noether’s 1882 
paper on space curves, which Vahlen followed rather closely.) 

3. This goes well with Perron’s political goal which is to 
discredit nazi mathematicians through their idol.
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 Vahlen’s comrades try to defend him, Part I

Deutsche Mathematik 6, 1941. 
Leidheuser, a mathematician from 

Halle, defends  Vahlen against 
Perron by philology:   Whereas 

Vahlen’s goal was the  pure 
representation of a curve as 

intersection of surfaces, 
Perron shuns the word “pure,” 

replacing it with the word alien 
(fremd).   

multiplicity
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Leidheuser introduces the  intersection multiplicity  into the debate.
This brings in Ecc. Francesco Severi, Rome.
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One of the leading italian mathematicians of the 
twentieth century.

 In 1932, he had convinced B.L. van der Waerden of his 
geometric definition of intersection multiplicity.
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Severi’s attempt to define intersection multiplicity via elimination theory 
à la Kronecker is too hasty;  Perron will easily show that it contradicts 

Bézout’s Theorem - among other serious shortcomings.  
As a result Severi will not have this article reprinted in his Opere matematiche.
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A new term: 
“interference” is 

proposed by Severi 
to describe the 

intersection 
considered by

 Perron .....

The 
corresponding 

item in the 
edition of 

Severi’s Works.
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Severi comes back to the subject in a 1948 paper, defending as he so 
often did, Italian Algebraic Geometry and its rigour both against the 

German algebraists and against André Weil.
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1. In his controversy with Severi, Perron interprets - as many mathematicians 
do - the big rewriting of Algebraic Geoemtry in the 1930s and 1940s as a mere 
conservative reaction against the lack of rigour in the Italian school. Severi tries 
to defend the peculiar Italian way of doing Algebraic Geoemtry against attacks 
from “abroad.”

2. From a historical point of view, these attitudes are inadequate because

☞ Van der Waerden, Weil, Zariski create a genuinely  new  Alg. Geom. : new 

concepts, new methods of proof, a new practice.
 
☞ At least in 1941, Severi is still heavily engaged in creating a mathematical 

axis (parallel to the Hitler - Mussolini axis since 1936) bringing together 
Italian geometers with German algebraists. 

3. But Perron is not part of either of these enterprises.

Note.
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From  1960  to  1978

• 1960. Martin Kneser dedicates to Perron his elementary, geometric proof of:                             
Every irreducible algebraic curve in proj. 3-space is intersection of  ≤3 surfaces.

• 1962. Hartshorne works out the relation between the property of being a complete 
intersection and connectedness properties.

• 1964. Forster:  The ideal of a locally complete intersection in affine n-space can be 
generated by n+1 polynomials.

• 1971. Abhyankar:  The ideal of a smooth curve in affine 3-space can be generated by 
3 polynomials.

• 1973. Eisenbud & Evans algebrize Kneser’s argument showing that every (non-
empty) algebraic set in (affine or projective) n-space is the intersection of ≤n 
hypersurfaces.

• 1975. L. Szpiro:  Every locally complete intersection curve in affine 3-space is a set-
theoretic complete intersection.      [1978. M. Kumar: same in n-space, n≧3.] 

• 1977. M. Kumar proves “Forster’s Conjecture”:  The ideal of a locally complete 
intersection in affine n-space can be generated by n polynomials.

• 1978. Cowsik & Nori: Over a field of characteristic p>0, every curve in affine n-
space is set-theoretically a complete intersection.
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Frank-Olaf Schreyer, 
Univ. Saarbrücken

When I asked him in 2004, 
Schreyer took a new look at 

Vahlen’s paper ......

During all this time, nobody 
revisited Vahlen’s paper  -

whose lack of method was 
“common knowledge.”
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What is the relation between 
Vahlen and Peskine & Szpiro ? 

Note.  The answer is not really made easier by the fact that one might do 
a “longterm history of liaisons’’ from Max Noether (in particular Crelle 
93, 1882), via Dubreil (1935) as well as Severi (1932) and Gaeta (end of 
the 1940s), leading to Peskine & Szpiro : Liaison des variétés algébriques 
I, Inventiones 26 (1974), and related papers by Rao and others......  

Is the sustainability of Vahlen’s arguments unreasonable, 
or supreme proof of the cumulative character 

of the development of mathematics ? 
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An open problem for the road:
Perron’s question

• It seems to be still not known (over a field of char. 
0), if every space curve in 3-space is set-theoretically 
a complete intersection.

• Note that the answer is NO to the corresponding  
question for 4-space: there are surfaces which are 
not the intersection of two threefolds;  see 
Hartshorne, chap. III, Ex. 4.9.
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