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Brownian Motion — Stable Lévy process

a =2 (BM) a€(0,2)
RelrBe — o(=1/2)t|A) EelMe — gctX®
Light tails Heavy tails: P(|L1] > x) ~ /x™ @
E(|B1|7) <o, q>0 E(|L1]9) < oo <= g < a
continuous infinite jumps in every intervall
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Stable Lévy process

L Y
#9\
W&WY‘M Mrﬂ )\ t |"’- :’“N \"J ﬁm[r\l» t
W

«a = 2.0 Brownian Motion a=15
L; L
.‘\_ —_—
\ A
“'.“ B "; e _—
. n e -
B -~ e
d Wl Y t - - t
E el
G
) -
“."f" =
. —
M




Stochastic Models of Complex Processes

International Research Training Group

Power variation

Definition
For a stochastic process X = (X;)¢>o define

[nt]

i n — i . _ X P
Vo(X)e i= lim VI(X), := n"l'éoz;‘x; Xizs|P.
p

n—oo



Stochastic Models of Complex Processes

International Research Training Group

Power variation

Definition
For a stochastic process X = (X;)¢>o define

[nt]

i n — i . _ X P
Vo(X)e i= lim VI(X), := n"l'éoz;‘x; Xizs|P.
p

n—oo

> If Vp(X): < oo fora p >0 then Vy(X): < oo forall p’ > p.



Stochastic Models of Complex Processes

International Research Training Group

Power variation

Definition
For a stochastic process X = (X;)¢>o define

[nt]

i n — i . _ X P
Vo(X)e i= lim VI(X), := n"l'éoz;‘x; Xizs|P.
p

n—oo

> If Vp(X): < oo fora p >0 then Vy(X): < oo forall p’ > p.
> inf{p>0: Vp(X): <o0}?
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Power variation of stable processes

» Let L be an a-stable Lévy process with o € (0,2) and p > «.

» Let Y be another stochastic process such that for t > 0
P
V;(Y)t —0
» Then the power variation of Y + L converges:
9
(Vo(L+Y)e)es0 — (Lp)ez0, n— o0

where L is a spectrally positive a/p-stable Lévy Process.
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Relevance for SDEs

» Forp>1

V,;'</O.f(s)ds>t—>0

for any integrable function f and t > 0
» So for any p > max{1l,a}

(V2(X)e)ez0 = <vp" <x0/0' U’(Xs)ds+L) t) ~ (D)o

where L’ is an a//p-stable Lévy process and just depends on L.
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Calculating «

» Split time series in m samples of size n
» Calculate V,;’(X)(tm) for each sample with several p € (0, 4)

» Compare empirical distribution function via
Kolmogorov-Smirnov distance to Lévy distribution

» Minimum should be at a/p = 1/2, so calculate o = p/2
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